1
Interpolation

Examples of this chapter can be found in the directory Vol2_Chapterl  within the
enclosed CD-ROM.

1.1
Introduction

This chapter deals with the problems of estimating the N parameters a of a model
f0x; ab that exactly satisfy N conditions assigned a priori. A second topic concerns the
use of such a model to make previsions.

A common choice of the N conditions is to assign N values x;, y; and ask the model
to exactly interpolate them, by requiring the solution of the system:

i Ya fOx;; ab 0i % 1;...;NbP 01:1p

The method of exact interpolation is based on the solution either of the system (1.1)
or of the other systems deriving from the N conditions that have to be satisfied by the
N model parameters.

The exact interpolation presents two obvious but fundamental limitations.

1) The method can be applied only if x and y are unbiased (not affected by
experimental errors); otherwise, the interpolating function would assume the
trend of the random error.

2) The points x; and the selected interpolating function must allow to univocally
evaluate parameters a.

A typical application of the exact interpolation is in the simulation of hard time-
computing functions.

Only the case with a single independent variable x is considered.

Support points are the pairs of values 0x;; y;b; specifically, values x; shall be called
abscissas, whereas values y; ordinate.
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Which Model to be Adopted?

The model adopted for interpolation should have the following features.

1) It should represent the function at the best.

2) It should be easy to use.

3) It should not be time consuming in providing a prevision.

4)  Adaptive parameters should be easily and univocally evaluable.

Polynomial functions are one of the most important classes:
P,0xP Ya ag p a1x p 0P a,x" 01:2p

When there are numerous points to be interpolated, the use of a single interpo-
lating polynomial function is generally avoided and a series of low-order polynomials
are surely preferred. Alternative strategies exist, such as Hermite polynomials, spline,
and Bézier curves.

Rational functions represent another important class. They are denoted by the ratio
between two polynomial functions:

P, 0xb

1:3p
P,,0xb 61:3

Q:mOxP Ya

Even though it is nonlinear in parameters, this function can be easily linearized to
simplify the evaluation of parameters.

It is more difficult to operate with rational functions rather than polynomials
(i-e., consider derivative and integral calculations), but rational functions have the
advantage to better interpolate many functions.

Other interesting classes of functions are trigonometric functions, which are
useful for periodic phenomena, and exponential functions.

1.1.2
Which Points?

Sometimes, values of x required in the exact interpolation cannot be selected, for
example, when the experimental data have been already acquired by the field or when
the data set is provided by tables and no other experiments can be carried out.

Conversely, it is possible to appropriately select the x; values in interpolating an
evaluable function.

Especially with polynomial interpolations, a bad choice of the experimental points
may lead to erroneous results.

Some authors discriminate between two cases: they call interpolation the problem
with the data stored in a table and function approximation the problem where the
points can be accurately selected.
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As aresult, even though the polynomial apparently assumes different forms, itis ever
the same polynomial with the same maxima, minima, and zeros.

Polynomials are largely employed in each field of numerical analysis: they are
adopted in calculating integrals, in solving differential equations, in function
approximation, and so on.

They are used especially for their following properties.

1) They are easy to manage and use: polynomial integration and derivatives do not
present any problematic issues.

2) Parameter evaluation is quite easy.

3) It is easy to carry out a prevision in a point different from the assigned
abscissa.

4)  Some properties that make them unique: the sum, the subtraction, the product
between two polynomials are still polynomial functions; if the scale of the
variable x is changed, by adding or multiplying abscissas by any value, a
polynomial is again obtained.

Moreover, polynomials were studied for several years and, as a result, the theory of
polynomial approximation is well known and well established.

Finally, the analysis of the exact interpolation is educationally very important since it
allows to analyze some numerical problems.

In spite of these favorable properties, a negative feature is to be underlined:
polynomials obtained through the exact interpolation often do not approximate some
classes of function in an accurate manner. Specifically, the inaccuracy arises when
the polynomial interpolation is carried out without an appropriate care and when the
polynomial degree is considerably high.

It is incorrect to think a function approximation is better for higher degrees of the
polynomial obtained by the exact interpolation.

This thinking originates for three reasons.

1) There are theoretical motivations to think that the polynomial approximation
accuracy improves by increasing the polynomial degree.

Weierstrass theorem. If f3xP is a continuous function with continuous derivatives in
an interval fa; b[by assigning any positive value d, there is a polynomial P,dxb with
a degree equal to n that allows the following inequality for any value of x in the
interval Ya; b[J

jfoxb [P,bxbj < d 01:9p

In this case, the ambiguity is dictated by the fact that the interpolating polynomial in
Weierstrass theorem is not the function that exactly interpolates some assigned
points.

2) There is another theoretical reason that seems to motivate the use of larger
polynomial degrees to achieve better approximations.
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Taylor polynomials. It is possible to approximate a derivable function f8xb around the
point xo through a Taylor expansion:

P, dxP Ya fxoP | f'3x¢0P8x [l pp (I R, pp 1 0P §1:10p

where

dx [P

5 p 17 fFrPigjp §1:11b

1 X
Rup18xp Yo 8x "o P Patpdt s

for j in the range hxg; x[J

The Taylor polynomial is not obtained by using the exact interpolation for np 1
points; moreover, its validity cannot be extended to the range #xo; x,,[Ibut it is limited
to the neighborhood of ;.

3) Finally, many examples of polynomial interpolations obtained through the exact
interpolation where the error decreases by increasing the polynomial degree are
reported in many books on numerical analysis. These examples are generally
referred to special functions, such as sindxP and cosdxb.

Contrary to the appearance, it is very rare for higher interpolating polynomial degrees
to continuously improve the function approximation; usually, the opposite is true.

When the function to be approximate presents asymptotic behaviors and/or dis-
continuities in the derivatives, the approximation through the method of exact
polynomial interpolation must be avoided.

The polynomial coefficients can be evaluated by imposing conditions different
from the ones already discussed (that is passing through np 1 data points). For
example, the first or higher order derivatives may be assigned in some specific
support points.

Specifically, if both the ordinate y; and the first derivative )} are assigned for each
support point, a Hermite polynomial is obtained.

It is always suitable to exploit the value of first or higher derivatives of the function
to be interpolated to improve the accuracy.

The following assumption is made in the first part of this chapter.

The np1 conditions needed for evaluating model parameters require to pass
through the n o 1 support points dx;; y;p with i % 0;...;n, x; 8 x;, and i 84 j.

13.1
Error in Polynomial Interpolation

Suppose to approximate the function fdxp through a polynomial P,dxP obtained by
an exact interpolation with n | 1 support points. As a certain function is approxi-
mated by a simplified model, one should also ask what is the difference between
the complete model (the function) and the simplified model (the interpolating
polynomial).
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and the Aitken scheme is

2
oYl yoVfixa1 SfioixDes D:flft 1
1:5 1
X1 Ya2  y1 Yafto Va2 411 3 Fixo; 1 % Vi 3&‘2%}42
Va3 y YafloVed f%x0§x25/43[ s

Many forms of Newton method can be obtained from these two schemes to represent
the same polynomial. For example, from the Neville scheme

Py0xb Ya flooP flixo; 21 B Dacgll P flhio; %15 2 (O [acgldx [acyl
Y4 1 p 0x (183 0:50x [1bdx [2D1

Py0xb Ya fihoer 0P fixy; 22 (B Dol P flic; %15 262 (B [y B0x [l
Ya 2 28x (2] 0:58x [2bdx [3B1

Py0xb Ya flo, 0P iy ; 2, B Dol P flhio; %15 2 [ [acaidx [ac i
Ya 4 p 20x (30 0:50x [3pdx [2P1

1.7.2
Previsions

Once the coefficients a;, are calculated, the estimate in x % z is obtained by applying
the Horner scheme:

P,0zP Ya ag p 0z [xglda; o 0z [ A0 CIIBb 01:40p

Algorithm 1.9 Prevision with the Newton form

Input: the polynomial degree n, points xg; x1; . . . ; x,, coefficients of Newton form
Gg; 015 . . . ; dy, and the point z.
Output: prevision p.

p Y a,
fori ¥ n [Tadtep [IBJO
p Y2 a; b pdz xH

Algorithm 1.9 requires n multiplications and 2» additions.
For example, given the polynomial
P,0xb Ya 1 p dx 1B 0:50x [Thdx [2P1
the prevision in z % 1:5 is
pYa0:5; pYalp0:531:5 [25W4 0:75; p¥a1p 0:7581:5 [I6Wa 1:375

The function Newton in the BzziInterpolation class evaluates polynomial
previsions with the Newton method.
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Example 1.3

Let x ¥2 £1:;1:3;1:6; 1:9; 2:29 be the abscissas for the function y; ¥4 ¢ Evaluate
Newton previsions in correspondence with z ¥ £1:8; 1:65; 1:359.
The program is

#include * ‘BzzMath.hpp’

void main(void)
{
BzzPrint("  “\n\nNewton’ );
BzzVector x(5,1.,1.3,1.6,1.9,2.2);
BzzVector y(5);
for(inti = 1;i <= 5;i++)

y[iT = exp(-x[i*xi]);

BzzInterpolation p(x,y);
double prev = p.Newton(1.8);
BzzPrint("  “\nPrevision %e’,prev);
prev = p.Newton(1.65);
BzzPrint("  ‘\nPrevision %e’,prev);
prev = p.Newton(1.35);
BzzPrint("  “\nPrevision %e’,prev);
BzzPause();

}

1.7.3
Additional Data Point

When a new point is introduced in a polynomial approximation, it is necessary
to decide whether the point is to be added to the existing ones (and the interpolating
polynomial degree is to be increased) or the point must replace an old point (by
maintaining the current polynomial degree).

The former problem is solved by adopting either the Newton method or the
barycentric Lagrange method. Evidently, the latter problem can be solved by con-
sidering the previous n support points that are still active together with the new point,
as if np 1 support points were simultaneously assigned.

If the parameters of the previous polynomial were evaluated by using the Newton
method, it is possible to exploit the calculations already executed.

In fact, let us consider four support points 8x1; y1P, 8x;; yob, 8x3; y3b, and 0x4; ysP
adopted to define the polynomial P;dxP. To replace the point x4; fhxsOvith the new
point xo ¥4 v; fixo[Va fovb, the rational differences necessary to build the new
polynomial are

DP30xb Ya flixcg O flico; x4 (e Cacglt P flixo; 21 ; % B CacgBd Doy
b flixo; 51; %25 23 [ [agldx [ Box [0

01:41b
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Output: the new np 1 coefficients ay; a4; . . . ; a, of the Newton form.

fori ¥ n [Iddtep CIBIO
a; Ya a baipléz @
As the algorithm is substantially the same as Algorithm 1.9, it results
P,0zb Y4 ay 01:43p

As a result, the same polynomial (apart from round-off errors) is now expressed as if
the support points were dz; P,02zPP; dxo; yoP; . . . ; 0%, iy TP

P,oxb Ya fiz0p fiiz; xo[8x [ZEP fhz; xo; x1 [ [2Bdx [xgh p [
b fiz; x0; x1; . . . ; %, crifbe [2P0x [xpl0x Dl (B o, Ry

It is important to realize the difference between the following problems.

01:44p

1) An authentic new support point is introduced and one of the existing points is
deleted: a new polynomial is obtained and it is far from the original one.

2) As anew support point, the polynomial prevision is adopted in a specific point
and one of the existing support points is deleted: the polynomial is the same as
the original one, but it is presented in a Newton form as though support points
were changed.

For example, by considering the following support points d1; 1p, 82; 2b, and 83; 4b, the
polynomial in the Newton form is

P,0xb Ya 1 p dx 1B 0:50x [Thdx [2P1

In x ¥4 z %4 1.5, the polynomial prevision is P,0xP % 1:375. The polynomial coeffi-
cients can be modified in order to write it into the Newton form with the following
points: the polynomial prevision z ¥ 81:5; 1:375b and the two previous points 81; 1p
and 62; 2b.

The new polynomial form is
ay Ya 0:5

a1 ¥a 1:p 0:501:5 [26F4 0:75
ap ¥a 1:p 0:7501:5 [1b/4 1:375

The same previous polynomial can be rewritten as follows
P,0xb ¥4 1:375 p 0:750x [T3p b 0:50x [T:3pdx [1B]

If Algorithm 1.10is repeated n times with ever the same point z, the polynomial in the
special Newton form, where all the support points have the same abscissa z, is
obtained.

P,8xb Y4 fiz[p fiz; z[k [ZBD fiz; z; 20 (2D p [
bfiz;z ...z 2P

01:45b

This special form corresponds to the standard centered form with z as the center.
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For example, applying the previous algorithm just once results in
a; ¥4 0:5; aq % 0:75p 0:501:5 CTAYa 13 ag Y2 1:375 p 130P Y4 1:375
Py8xb ¥4 1:375 p 8x CT30 p 0:58x CT23p*

This polynomial form is useful to easily evaluate the derivatives in x %4 z.
In fact, the ith derivative evaluated in x % z is
PP82b Vi ila; 81:46p
For example, writing the polynomial in the form
Py8xb ¥4 1:375 p dx CT30 p 0:58x CT3p*
results in
PpO1:5p ¥4 1:3755;  PLoLiSP¥a1;  PYa1:Sh Y. 280:5p ¥4 1

Once again, it is important to underline that a polynomial can assume different
forms: in particular, it can be written in the Newton form, where the support points
are highlighted, and in the standard centered form, where the derivatives of the point
adopted as center are highlighted.

For example,

P,0xb Y4 1: p 6x [1Bo 0:50x [Thdx [2P1
Pydxb Y4 1:375 p dx [I3P p 0:58x CT:3h°

are two different forms of the same polynomial.

The Newton form that employs a single support point shall be very useful in the
integration of differential systems through the multivalue methods (see Buzzi-Ferraris
and Manenti, 2011Db), as it allows to vary the integration step without any trouble.

Actually, although in a generic Newton form the abscissa of all the support points is
explicit, the form (1.45) refers to a single-point z; hence, all the required information
to describe the polynomial is collected on it.

1.8
Neville Algorithm

The development of the aforementioned algorithms consists of two phases: first, the
coefficients of the interpolating polynomial are evaluated, and second, a prevision in
the assigned z is carried out.

To getonly a prevision in correspondence with an assigned abscissa z, one does not
require to evaluate the polynomial coefficients by simply adopting one of the
techniques described above.

Let us denote by P0z;xo; %1; . . . ; %P the prevision achieved with the k-degree
polynomial P0x; xo; x1; . . . ; %P passing through 8xo; yob, 8x1; y1b, . . ., 3x; yeb.

Relation (1.37), which allows to build a new k-degree polynomial starting from two
0k CTPdegree polynomials, can be used not only to get a new polynomial but also to
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get the prevision in x % z for a k-degree polynomial, starting from the previsions
obtained by two 6k [1bddegree polynomials.

In fact, it is sufficient to write relation (1.37) by using z rather than x to get

0z xR Py, 1, 15 - . . ; %P L8212 AP, o8 o5 - - - 5 Xk TPy
x, [l

P0z; x0; %15 ... ;P Ya

31:47b

The same rules described for fhxg; x1; . . . ; x;Chre valid for Py0z; xo; x1; . . . ; %P too,
and it is useful, in particular, to adopt the scheme proposed by Neville against the
other alternatives (i.e., Aitken method).

The following sequence, exemplified for n%3, allows to evaluate
Ppdz; xo; %1; . . . ; %P by using the Neville method.

X0 Yo Ya Poéz, XobP

PlaZ; X0, X1P
X1 Y1 Ya Pydz; x1P Py0z; x0; x1; %P

P10z; x1; b P30z; x9; x1; %2; %3P
Xy Y2 Ya Pydz; x,P P,0z; x1; %7, x3bP

Pléz; Xy, %3P

X3 Y3 Ya Poéz; X3P

For example, the scheme to evaluate the prevision in z % 1:5 obtained by a
polynomial interpolation passing through 81; 1p, 62;2b, and d3; 4P is

XAl Pl b stn e 1 8:531bp 1:581:5bb
174 . 4 12 . : :
Yi2 Py Va2 p, 1, 8297 P 10 30
M O o M 1Sab Vel 2 *
X21/43 P() Ya 4

Algorithm 1.11 Prevision with the Neville method

Input: the polynomial degree n, abscissas xo; %1; . . . ; X, ordinates yo; y1; - - . ; yn, and
the new point z where the prevision is to be evaluated.
Output: previsions po; p1; - - . ; pn obtained with polynomials from 0 to n.

fori ¥ Odstep 1P;n
p; Yy,

fork ¥ 13step 1b;n
fori Y4 nodstep [IB]k

p; ¥4 p; b 8z LxPBp; [py i Prdx; Lk

Algorithm 1.11 requires ndn p 1p flops.

The algorithm provides the previsions obtainable with growing-order polynomials and,
therefore, itis possible to calculate the error generated by excluding a polynomial term.
In the BzzInterpolation class, the function Neville  evaluates polynomial
previsions through the Neville method. This function returns the previsions obtain-
able with growing-order polynomials.

)
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Example 1.4

Let x ¥ £1:;1:3; 1:6; 1:9; 2:29 be the abscissas for the function y; ¥4 ¢ Evaluate
the Neville previsions in z ¥ £1:8; 1:65; 1:359.
The program is

#include * ‘BzzMath.hpp’

void main(void)
{
BzzPrint(\n\nNeville’ );
BzzVector x(5,1.,1.3,1.6,1.9,2.2);
BzzVector y(5);
for(inti = 1;i <= 5;i++)

yli] = exp(-x[i*x[i]);

BzzInterpolation p(x,y);
BzzVector prev;
prev = p.Neville(1.8);

prev.BzzPrint(* ‘Neville Previsions’ ;
BzzPause();

prev = p.Neville(1.65);

prev.BzzPrint(‘ ‘Neville Previsions’ );
BzzPause();

prev = p.Neville(1.35);

prev.BzzPrint(* ‘Neville Previsions’ ;
BzzPause();

}

It is worth to remark that the Neville  function returns a BzzVector , whereas
both the Newton and the Lagrange functions return a double .

To solve this problem, as one knows the point x ¥ z where the prevision is to be
evaluated, it is suitable to introduce an ordered series of points by basing on their
distance from z. In this way, the round-off errors are minimized.

Many variants of the Neville algorithm were proposed.

1) The first modification was introduced to minimize the round-off errors. It is
necessary to operate on the differences between two previsions rather than on
the same previsions (Stoer and Bulirsch, 1983).

2) Another implementation type allows to sequentially obtain the previsions of
increasing-order polynomials. It allows to stop calculations at any intermediate-
order polynomial (Schwarz, 1989).

3) Asaprevisioninz % 01is often required, it is possible to specialize the algorithm
for this specific case.

Neville-type algorithms allow to obtain a prevision without evaluating the polynomial
coefficients; unfortunately, this entails the following disadvantages.
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1) The algorithms cannot be used where the expression of the interpolating
polynomial is explicitly required.
2) Theyare not performing if the same support points are used for more previsions.

Even though it may be curious, any version of this kind of algorithm requires a higher
number of calculations than a prevision obtained through the aprioristic evaluation
of the coefficients in the Newton form. The computational time is only equivalent
when the previsions obtained with intermediate-order polynomials are needed. In
such cases, it is, however, possible to implement a special algorithm (Conte and
De Boor, 1980), which requires a smaller computational time even evaluating the
coefficients of the Newton form.

The advantages of these algorithms are the following.

1) They are very simple to implement and use.

2) Itis possible to write versions slightly sensitive to round-off errors.

3) They are a useful introduction to the (similar) algorithms dealing with rational
functions (described in the following).

1.9
Hermite Polynomial Interpolation

So far, we have considered the situation with np 1 points dx;; y;P only.

Knowing also the values of any derivative in some points seems logical to exploit
this information to build the polynomial function.

For example, if one knows the values yo % 1;y}) ¥ 2;y% % 3 in correspondence
with xy ¥4 0, the parameters of the polynomial P,8xP ¥ a o a1x pp a,x? are imme-
diately obtained by imposing the following conditions:

ayg Yal; a1 Ya 2, 2a; Y43

Although in the exact interpolation there is certainty about the interpolating
polynomial existence using np 1 points (when all abscissas are different), it is not
anymore true in the general case where even the derivatives are assigned.

For example, given the value of a function in x, together with the values of its
second derivatives in xg and x;, the system

a0 P arxo P axx2 Ya yo
2a; Va yg]
2(12 Ya Yq]

has the matrix with null determinant.
An important case where there is certainty of the interpolating polynomial existence
and the uniqueness concerns the development of a polynomial passing through

some support points and with the first derivative values assigned in correspondence
with the same abscissas.

=
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For example, to build a 3-degree Hermite polynomial satisfying the conditions
80; yoP, 81; y1P, 80; yhp, and 81;y'P, one has

ag Ya 2; b() Ya 1;

Hence,

o Ya 21

b Y43

Hj Ya yodx CIBle2xp 1P p yf,ﬁx C1pix p yix%83 [2xb p yolxzéx [1B]

If the conditions are 8zo; yoP, 0z1; y1P, 020; y?)b, and 0z;; yo1 b, it is possible to use the
same polynomial after the following scale exchange:

x Ya 0z [Zgl=0z; [zl

1.9.2
Newton-Type Method

To use the Newton method when the values of ordinates, first, second, and higher
derivatives are known, it is sufficient to observe the following rules.

1)
2)

Repeat the point as many times as the assigned derivatives.
Replace rational differences with the corresponding derivatives divided by k!,

with k being the derivative order.

To build a 3-degree Hermite polynomial, where the first derivatives are assigned in

correspondence with the support points, the procedure is

Ya fhxod
o Yo 4f Yo f%XQ, X[ Va YE)
X0 Yo ]/Afl/ZXoD flfz . 0
X0, X
X1 Y1 1/4f1/ZX1 O 0 )
Sl ey
X1 Y1 1/4f1/zx1 O

The corresponding polynomial is

Ps ]/Afl/ZXO [bfl/ZX(), XO@:)C [l bfv’zxo, X0, X1 (@ II@DM [xoi

fVZX(), X0, X1

0
Sflixo; x0; 21; 610

fVZX(), x1; %0

b flixo; x0; %15 21 B Cxgldx Cacglox [

where

fl/ZXO a Yo

oo 20 Va y?)

Yl@@%:l
sz;x;xl]/z;@
e
1@
v by 2 2%

fI/ZXO; X0, X1, %1 [(Va

x1 [l
6X1 mz

01:61p
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For example, given x ¥4 1;y0 ¥4 1;% Y4 2;y; Y4 3; ygl Ya 1, y%“ Y4 8 the following

scheme can be developed:

X0 Yal Yo Yal
X1 Ya2 Y1 Va3
X1 Va2 )41 Va3
X1 Ya2 )41 a3

f%X();X1D/42
Sl % Vayh Yal
Sy Vay Yal

Sflxg; 21,1 a1

Fixriix Vayli=a vag S H0ix 0043

and we get

P38xb Vs 1 p 20x [1b] 8x CTbdx (25 38x [Thdx [254

1.10
Interpolation with Rational Functions

A function obtained as ratio between two polynomials is called rational:
P, 0xb .

. appaxp Op a,x"

) 1
Ruim@xb ¥ 50 " by b byxp I byy™

01:63p

The number of the required parameters to univocally identify the rational function
Ry is equal to nppmp 1 (being by arbitrary).

The standard form for rational functions is @

P, 0xb v, ao paixp Op a,x"
PnixP 1pbixp CIDP bpx™

Ry Ob ¥ 81:64
If the np Yanp mp 1 support points dx;; y;p with 0;...;n | m are known, para-
meters can be evaluated by solving the system

Rym0xip Ya y; 00%0;1;...;npmbp 01:65p

This system can be linearized by multiplying both the terms by the denominator of
the rational function:

ao b arx; p P a,x! ¥4 01 P bix; o OO b, x/"Py;

3i%a0;1;...;npmbp d81:66b

As the condition (1.66) is necessary to solve the system (1.65), one could think that
system (1.65) is automatically solved by solving the system (1.66). This should be true
if condition (1.66) should be sufficient, besides a necessary condition, but this is not
always true. It is worth noting that we moved from the system (1.65) to (1.66) by
multiplying the former one by the denominator of the rational function.

Be careful: by multiplying both the right- and the left-hand side of an equation by a @
given expression, the results become arbitrary if the same expression is equal to zero.

If the denominator of rational function (1.65) is null in one or more points, the left-
hand side of system (1.66) also has to be zero. In this case, the system solution does
not satisfy the same system (1.65).
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In other words, the polynomials P,dxP and P,,dxb that satisfy the system (1.66) can
be written in the roots-product form. If one or more polynomial roots both at
the denominator and at the numerator coincide with an abscissa, those terms are
removed from the rational function, these being the common terms. In these
circumstances, equation (1.65) is unsatisfied in with respect to that specific support
point.

For example, given the points § [T;1p, 81;2p, and 82; 2P, system (1.66) for the
rational function Ry is

ao Ca, ¥s 1 Chyd
uoba1 1/42'32101
ag b2a1 Ya 2 b4b1

Hence,

ao Ya 2; al 1/42; bl Yal

2p2x
1px
As a result, the rational function R;.; does not pass through the point 6 LT 1b.
The rational approximation presents another shortcoming when the denominator
is equal to zero in the selected interval.
Let us consider the points 30; O, 60:5; [T1P]and 92; 2b. The rational function

Ria Y a2

X

Rin Y4
X

satisfies the support points but in x ¥ 1 (just inside the interval). Ry, ¥ 1.

Therefore, the use of rational functions may face the following problems.

Q 1) The rational function exactly passing through those specific support points may
not exist.
2) The denominator could be zero in the selected interval.
3) Rational functions are more difficult to manipulate in case of integrations or
differentiations.

Q On the other hand, rational functions are considerably better than polynomials in
approximating functions, especially for their feature to simulate even situations with
asymptotical behaviors.

Two techniques shall be analyzed in the following:

1) Atechnique to evaluate rational function parameters and, once they are obtained,
to provide an estimate in correspondence with an assigned abscissa x ¥4 z.

2) A technique to directly obtain the prevision without the need to evaluate
parameters.

Both the techniques are similar to Newton and Neville methods already explained
for polynomials.
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S e

@ One can avoid trial-and-error method by developing the series from left to right and
by using two auxiliary vectors s, g; and the following iterative formulae:

S()]/Ab(); q()]/A].
sl%blEbobal; q11/4b1
Sk 1/4bk Bkm:bak Gz k 1/4bk Djkmj)ak Dl]kmék Y22;3;...p
The ratio
Sk
Yy —=
ke Gk

provides the fraction value.

During the sequence, it might happen that the values of s; and g, progressively
increase or decrease. In these circumstances, there is a risk of overflow and underflow.

As one is interested in the ratio between s; and g; and not in their specific values and
as both s, and gy are linear combinations of the previous terms, it is enough to divide
St 4k rmsk, and gg by gi to stop any increase or decrease in their values.

In such a specific case, the following algorithm is needed when parameters ¢; have
already been calculated.

Algorithm 1.12 Previsions with Thiele

Input: number of support points np, abscissas xo;%1; ... ; %ny ra abscissa of the
prevision x Y4 2z, and Thiele coefficients co; c1;. . . ; copra
Output: previsions po; p1; . . . ; pnpcfind prevision differences dpo; dp1; . . . ; dpupm
BIG ¥ 1000: TINY % :001
SoYaco; qy¥ly pyYaso
sy Yacoa poz X, q; Yacq
ifdq, ¥4 0:Pquit
Py Yas17qy
for k ¥ 20step 1p; np [11
aus Ya z X
Sk Y4 ¢ S P aus s o
i ¥4 €k Qi AUS Qe g
if 8qy ¥4 0:Pquit
Py ¥4 8¢=q;
ifdjsij BIGand q, BIGorjsij < TINYand q, < TINYpP
Sk SkrFd Q¥ QeI
Sk Ya Dy qQ ¥ 1:
for k ¥ 1dstep 1p; np [11
dp 4 P [k
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For example, given the points d1; 1P, 62; 2P, and 83; 4P and the coefficients ¢y ¥4 1,
c1 ¥4 1, and ¢, ¥4 [3,the previsions in z ¥ 1:5 are

po Yl

s1 Ya 10 pd1:5 104 1:5

¢t Yl

P1 Y 1:5

s, Yo [310:5pd1:5 [2P11 Y4 [5:1
g, Yo 310 p61:5 [2P11 ¥ 33
p2 ¥a 1:4285714

Suppose to select the abscissas
x ¥4 £0:1;0:2; 0:4; 0:8; 1:29

for the function coshdxp. In correspondence with these points, the following
ordinates are obtained:

y ¥4 £1:005004; 1:020067; 1:081072; 1:337435; 1:8106569

The value of the function coshdxb in z ¥ :25 is coshd:25b ¥4 1:031413. When we
assign the coefficients

¢ ¥4 F1:005004; 6:638973; [0:074208; [6:879100; (78369779
the previsions in z % :25 are

p ¥+ £1:005004; 1:027598; 1:030150; 1:031390; 1:031410g
and the error is

dp ¥a £0:022594; 0:002552; 0:001240; 0:000020g

The coefficients ¢; necessary for interpolation with Thiele’s rational functions is
calculated by the following inverse rational differences.

1) Zero-degree inverse rational difference:

QodxP Vayo  Bi%0;...;np IRl 81:72b
2) 1-degree inverse rational difference:
- 1 x; Lol 11701 . .
g10x;; x%0b Ya abep Castagp 0i%1;...;np 101 01:73p
3) 2-degree inverse rational difference:

X @
gléxi; X()p @xl; Xop
4) k-degree inverse rational difference 8k ¥4 2;...;np (IB)3i Y4 k; . .. ; np (IR1
% [t
8 0o Xk 2 - -5 XoP Cgiededpe roipek czn- - - 5 %oP
81:75p

S200;; %1; %P Ya 0iY42;...;np 101 01:74b

805 X T - -5 X1; %P Va
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Example 1.5

Let x ¥2 £1:;1:3;1:6; 1:9; 2:29 be the abscissas for the function y; ¥4 ¢ Evaluate
Thiele previsions in z ¥ 1:8; 1:65; 1:35g.

The program is

#include * ‘BzzMath.hpp’
void main(void)

{

BzzPrint("  ‘\n\nRational’ );
BzzVector x(5,1.,1.3,1.6,1.9,2.2);
BzzVector y(5);

for(inti = 1;i <= 5;i++)
y[iT = exp(-x[i*xi]);
BzzInterpolation p(x,y);
double prev;
prev = p.Rational(1.8);
BzzPrint("  ‘\nRational Previsions %e’,prev);
BzzPause();
prev = p.Rational(1.65);
BzzPrint("  “\nRational Previsions %e’,prev);
BzzPause();
prev = p.Rational(1.35);
BzzPrint("  ‘\nRational Previsions %e’,prev);
BzzPause();

}

Observe that the function Rational returns a double .

1.10.2
Bulirsch—Stoer Method

Stoer and Bulirsch (1983) proposed an algorithm similar to the Neville procedure,
which is valid for a sequence of polynomials and is applicable to a series of rational
functions. By increasing the number of points, the polynomial degree of both the
denominator and the numerator of the rational function is alternatively increased,
too, so as to preserve the denominator degree ever equal or one-order higher than the
numerator degree.

In Neville algorithm (1.11), the recursive formula to evaluate the polynomial
prevision can be rewritten as follows:

k Y%1;...;n
pi Lpidm
[x; 1

pi%pib@k:—hj iYan,...k 01:79p

z
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Bulirsch and Stoer demonstrated that expression (1.79) for a rational function is to
be modified in

t; Ya p; 01:80b

b Vapip 61:81p

@Erb@ﬂm

z [x1

where t; is initialized equal to zero.

Algorithm 1.14 Prevision with Bulirsch-Stoer

Input: number of support points np, abscissas xo; x1; . . . ; Xup rordinates yo; y1; . . -
Ynprrmand prevision z.
Output: previsions po; p1; . . . ; pnpcfind prevision differences dpo; dp1; . . . dpup =
fori¥s Odstep 1p; np [11
t; ¥ 05p; Yay;
for k ¥ 10step 1p; np [11
fori¥s np [1ddtep [1BIk
t Ya p;

pi % pib P

z Xde ﬁ_l%ﬂ:,jj

fori ¥ 0dstep 1p; np [21
dp;, Y Pip1 [p 1

As per the Neville method, some specific variants of the previous algorithm exist and,
in particular, an optimized version for round-off errors, another one for the iterative
applications, and some others for the case of z ¥4 0 are significantly useful.
In the following examples, the Neville algorithm valid for a polynomial prevision is
compared to the Bulirsch—Stoer algorithm, which uses a rational function.

Example 1.6

Let x ¥a F1:;1:3; 1:6; 1:9; 2:2g be abscissas for the function expd [x?B. The ordinates
y ¥ 0:367879; 0:184520; 0:077305; 0:027052; 0:0079079 are obtained in correspon-
dence with these points. Compare Neville and Bulirsch-Stoer algorithms.

The program is

#include * ‘BzzMath.hpp’
void main(void)

{
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BzzPrint("  “\n\nComparison: Neville and
BulirschStoer’);
BzzVector x(5,1.,1.3,1.6,1.9,2.2);
BzzVector y(5);
for(inti = 1;i <= 5;i++)
y[il = exp(-x[i*x[i]);
BzzInterpolation p(x,y);
BzzVector prev;
prev = p.Neville(1.8);

prev.BzzPrint(* ‘Neville Previsions’ );

prev = p.BulirschStoer(1.8);

prev.BzzPrint(* ‘BulirschStoer Previsions’ ;
BzzPause();

prev = p.Neville(2.1);

prev.BzzPrint(* ‘Neville Previsions’ );

prev = p.BulirschStoer(2.1);

prev.BzzPrint(* ‘BulirschStoer Previsions’ s
BzzPause();

prev = p.Neville(1.35);

prev.BzzPrint(* ‘Neville Previsions’ );

prev = p.BulirschStoer(1.35);

prev.BzzPrint(* ‘BulirschStoer Previsions’ ;
BzzPause();

}

The value of the function expd [x2B in z ¥4 1:8 is f3zP ¥4 0:039164.
With the Neville algorithm,

p ¥ £0:027052; 0:043803; 0:040346; 0:039070; 0:0389329
dp ¥» F0:016751; [0003456; [0:001277; 00001379

whereas the Bulirsch—Stoer algorithm takes to

p ¥ 10:027052;0:034535;0:037918; 0:038734; 0:0392569
dp ¥ 10:007483;0:003382; 0:000816; 0:0005229

The errors are equal to 0:59 and 0:23% for Neville and Bulirsch—Stoer, respectively.
The function value in z % 2:1 is f0zb ¥4 0:012155.
Using the Neville algorithm,

p ¥ 10:007907;0:014289;0:010832;0:012428;0:012703g
dp ¥ 0:006382; [0:003456;0:001596;0:000275¢

whereas the Bulirsch—Stoer algorithm takes to

p ¥ 10:007907;0:010348;0:012820;0:012446;0:012017g
dp ¥4 0:002441; 0:002472; [0:000374; (00004299

The errors are equal to 4:5 and 1:1% for Neville and Bulirsch—Stoer, respectively.
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For example, given the points d1; 1P, 82; 2p, and 93; 4p, the 2-degree polynomial
in the Newton form, where y is the independent variable and x is the dependent
variable, is

P,3yb ¥4 1 p 8y CIPIap I Thdy [2536

The inverse interpolation is useful particularly when there is the need to estimate the @
value of the variable x in correspondence with an assigned value of y.

In the previous example, the inverse polynomial interpolation can be adopted to
estimate the value of x where y % 2:1:

P,0y ¥4 2:1p ¥4 1 62:1 CIPT 21 [1Pd2:1 [2bF6
Hence,
x Ya P,0y ¥4 2:1P ¥4 2:08166667

The inverse interpolation is very important to solve the following problems.
S/

1) Function zeroing (see Buzzi-Ferraris and Manenti, 2011a). @
2) Extrapolation to zero in iterative processes (see Buzzi-Ferraris and Manenti,
2010a).

In these problems, there is a series of points dx;; y;P and we want to know the value
of x where y ¥ 0. Using a direct interpolation, the problem is not easy to resolve when
polynomials have a degree higher than 2 or with rational functions. Conversely, by
executing an inverse polynomial, there are no difficulties in evaluating the value of x
in correspondence with y % 0.

In this case, some specific versions of the Neville algorithm (for the polynomial
interpolation) and, a fortiori, of the Bulirsch—Stoer algorithm (for the interpolation
with rational functions) are useful to make a prevision in z % 0.

Example 1.7

Letx ¥ £1:3; 1:4; 1:5; 1:6; 1:79g be the abscissas for the function sinh dxb [2Z_Evaluate
the value of x that zeroes the function.
The program is

#include * ‘BzzMath.hpp’
void main(void)

{

BzzPrint("  ‘\n\nPrevisions in zero’ ;i
BzzVector x(1.3;1.4;1.5;1.6;1.7);

BzzVector y(5);

for(inti = 1;i <= 5;i++)
y[i] = sinh(x[i])-2;

BzzInterpolation p(y,x);

BzzVector prev;
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O ®

prev = p.Neville(0.);

prev.BzzPrint(‘ ‘Neville Previsions’ );

prev = p.BulirschStoer(0.);

prev.BzzPrint(‘ ‘BulirschStoer Previsions’ );
BzzPause();

}

1.12
Successive Polynomial Interpolation

As already discussed, it is unseemly to use a unique high-degree polynomial to
interpolate numerous points, as the interpolating polynomial usually goes away from
the interpolated function when the polynomial degree is increased.

With many support points, it is suitable both to use interpolating polynomials
that employ only a portion of the existing data and to employ some strategies to
connect them.

For example, let us consider the simplest case of a series of 1-degree polynomials
interpolating two adjacent support points.

In this context, the following nomenclature is adopted: the n support points dx;; y;P
have index i%1;...;n; h; is the distance between the abscissas x; and x;p1.
Moreover, the interpolating polynomial between the point x; and x;p1 has index i.

The 1-degree polynomial series is

Liaxb%wblxh—lzllﬁ% x CxICxh, 31:82p

For example, given the points 01:;2:p, 02:;5:p, and 03:;7:p, the 1-degree
polynomials are

L10xP Ya 58x [2B] Ly0xb Y4 78x [3b]

A series of 1-degree polynomials solve the problem of interpolation divergence while
the number of support points increases.

A series of 1-degree polynomials have discontinuous derivatives in correspondence
with support points. The function is, therefore, represented by alinear piecewise, and
itis not appealing from a graphical point of view, by making it practically useless in all
problems requiring a graphical representation of the interpolating function.

With numerous support points, one has to decide how many points should be used
to build the interpolating polynomial.

A series of 3-degree polynomials (cubic functions) is a good compromise to represent
a function on a large domain, when specific conditions of derivative continuity are
imposed in correspondence with support points.
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In the case of a series of cubic functions, parameters a;; b;; ¢;; d; are to be calculated:

PiBxb Y a;0x TR  bibx [ P c;dx CBp d;
GYl;...;nIR]

01:83p

Various alternatives exist that shall be discussed in this chapter, such as
1) Hermite cubic polynomials
2) Cubic spline
The cubic polynomial interpolations are particularly important and, therefore,

they were implemented in appropriate classes.

In the BzzMath library, the classes are called BzzCubicHermite , BzzCubic-
Spline  and BzzCubicSmooth

The BzzCubicHermite ,BzzCubicSpline , and BzzCubicSmooth classes
interpolate a function through successive cubic polynomials.

Additional examples of the use of BzzCubicHermite , BzzCubicSpline , and
BzzCubicSmooth  classes can be found in

BzzMath/Examples/BzzMathBasic/Cubiclnterpolation
either on the enclosed CD-ROM or at the web site:

www.chem.polimi.itthomes/gbuzzi.

1121
Hermite Cubic Polynomials

When the first derivatives are known in correspondence with the support points, it is
possible to calculate the four parameters of each cubic function: the polynomials have
to pass through the two points at the interval boundary and, there, the derivatives have
to meet each other.

As already described, it is possible to employ a technique similar to Lagrange or
Newton methods.

By using the Newton method, the following polynomials are obtained:

hic’)xb 1/4f1/2x1‘ E'Z)fVin; x,-[ﬁtx [Pl
b flxi; xi; % p 1 B LB L 0iY1;...;nIR] 01:84b
b fixi; xi; xip1; %ip1 B CxPx CxMx [z 1p
with
[ ay;
Fhoci; x Va y)
Xip1
focis o i p 1 Vo ————=-
S 5 Xip 1 Va wipy ]
by, 2R ]
by B

6xip1 IEEIZ

Sl s %ip1; Xip1 s
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Rewriting the polynomial in the form (1.83),

di Ya Yi

G Yy

bi Ya fioe; x5 % p 1 b % xip 1 %ip 10
a; Ya fixg; 5 %ip 15 Xp1 0

If the analytical values of y! are unknown, the support points can be used to
estimate them. Among all the alternatives, the following is recommended.

Given three adjacent points x; rriixi; %ip1, the derivatives in x; is obtained through
the central formula (see Buzzi-Ferraris and Manenti, 2010a) just adapted to the case
of variable step h;:

Yip1 D yi Dpidy
N h; hicch? hitm h
' hicch hi

The BzzCubicHermite  class has three constructors: the firstrequires the vector
x of the abscissas, the corresponding ordinates y, and the vector of first derivatives y’;
the second needs the vectors x and y only as the object numerically estimates the first
derivatives required to get the Hermite cubic functions. The last constructor is the
default one.

For example,

01:85p

BzzVector x(...),y(...);
BzzCubicHermite h1(x,y);
BzzVector y1(...);
BzzCubicHermite h2(x,y,y1);
BzzCubicHermite h3;
h3(x.y);

BzzCubicHermite h4;
ha(x,y,y1);

Objects are used through the operator (,) . To evaluate the prevision obtained in
any point belonging to the interval Yx; x,[]it is sufficient to use the object as a
function with the abscissa for the prevision as argument.

For example,

BzzVector x(5,1.,2.,3.,4.,5.),y(5,4.,7.,2.,1.,9.);
BzzCubicHermite h(x,y);

double z = 3.123;

BzzPrint("  ‘Prevision %e’,h(z));

One can obtain the first and the second derivatives by adding 1 or 2, respectively,
in the previous argument of operator (,)

For example,

BzzVector x(5,1.,2.,3.,4.,5.),y(5,4.,7.,2.,1.,9.);
BzzCubicHermite h(x,y);
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double z = 3.123;

BzzPrint("  ‘Prevision %e’,h(z2));

BzzPrint("  ‘First derivative %e’,h(z,1));
BzzPrint("  ‘Second derivative %e’,h(z,2));

Example 1.8

Introduce new points to improve the interpolation.
The program is

#include *  ‘BzzMath.hpp’
void main(void)
{
BzzVector x(11),y(11);
double z;
inti;
for(z = 1.,i = 1;i <= 11;z += .1,i++)
{X[i] = z;y[i] = 1./1z;}
BzzCubicHermite h(x,y);
BzzPrint("  \n h(1.76) %e exact %e’ 'h(1.76),1./1.76);
int j = x.InsertElementinSortedVector(1.76);
/[Element inserted in position j
double v = 1./x[j];
y.Insert(j,v);
h(x,y);
BzzPrint("  “\n h(1.76) %e exact %e’ ",h(1.76),1./1.76);
}

It is useful to check the plot in order to validate the curve. If there are some
zones with sudden variations or discontinuities, the representation is probably
unsatisfactory.

Example 1.9

Create a file for the tool BzzPlotSparse.exe to plot the function % by using
the BzzCubicHermite  objects.

The program BzzPlotSparse.exe (Buzzi-Ferraris and Manenti, 2010a) allows
one to plot a series of curves with different support points. They should be stored as
the rows of two BzzMatrixSparse ~ X and Y. By default, the former trend is plotted
with a solid line, whereas the latter one through a dotted line. It is, however, possible
to modify the default options.

The program is

#include * ‘BzzMath.hpp’
void main(void)
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Figure 1.1 Polynomials visualization using thBzzPlotSparse  toolkit.

BzzVector x(11),y(11);
double z;
inti;
for(z = 1.,i = 1;i <= 11;z += .1,i++)
{x[i1 = z; y[i] = 1./z;}
BzzCubicHermite h(x,y);
BzzPrint("  “\nintegral %e’,h.BzzIntegral());

}

In this example, a value of the integral equal to 0:6932331 is obtained, whereas the
correct value is logd2:p ¥4 :6931472.

The BzzCubicSmooth  class has a single constructor requiring the vectors x and y
and a parameter in the range %0; 1]

If this parameter is equal to zero, the object simulates a linear piecewise; when it is
equal to one, it interpolates with a set of Hermite polynomials. The intermediate
values of this parameter give hybrid interpolations with intermediate characteristics
between these extreme cases: with small values, the interpolation is less smooth, but
the possibility to have undesired minimum or maximum is reduced.

For example,

BzzVector x(...),y(...);
BzzCubicSmooth s(x,y,.1);

1.12.2
Cubic Spline

Spline indicates the plastic ruler used by designers to draw a curve passing through
some assigned points. The aim of spline functions is just to interpolate a certain
number of support points.






