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Motion of Particles and Heat Exchange in Homogeneous
Isotropic Turbulence

The simplest and most extensively studied type of turbulence is statistically homo-
geneous isotropic turbulence of an incompressible fluid. Consequently, any new
models aiming to describe turbulent transfer of momentum or heat should be tested
against the case of isotropic turbulence. It is evident that the notion of isotropic
turbulence as applied to large-scale turbulence represents a mathematical idealiza-
tion because such flows are not occurring in nature or in technical devices.
Nevertheless, it is well known that small-scale fields of velocity and temperature at
large Reynolds numbers can be thought of as more or less homogeneous and
isotropic. Following Monin and Yaglom (1975), we call them locally isotropic. Small-
scale vortex structures are responsible for dissipation of turbulent energy and play a
key role in the accumulation (clustering) of particles in a turbulent flow. Study of
isotropic turbulence is thus of fundamental importance for both single-phase and
two-phase flows.

1.1
Characteristics of Homogeneous Isotropic Turbulence

The present section lays out the key characteristics of homogeneous isotropic
turbulence in an incompressible fluid, which is a prerequisite for the subsequent
discussion of statistical behavior of particles. In the course of this presentation, we
shall be using both Lagrangian and Eulerian properties.
Lagrangian correlations describe the connections between velocities and other

characteristics of turbulence at various points along the mechanical trajectories of
fluid elements (fluid particles). A Lagrangian single-particle (single-point) correla-
tion moment of velocity fluctuations in the fluid is determined by

BL ij(t)¼ hu0i(x; t)u0j(R(t�t); t�t)jR(t)¼ xi ¼ hu0iu0jiYL(t); hu0iu0ji ¼ u02dij;

ð1:1Þ
where R is the position vector of a fluid particle, YL(t) is the Lagrangian auto-
correlation function, hu0iu0ji is the Reynolds stress tensor of the fluid phase, and
u02 � hu0ku0ki=3 is the intensity of velocity fluctuations in the fluid. Here and
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afterwards, angle brackets will indicate the averaging over the ensemble of turbulent
fields of velocity and temperature of the carrier fluid.
The turbulent diffusion tensor of fluid particles is expressed through the

Lagrangian correlation moment as

Dij(t) ¼
ðt

0

BL ij(x)dx:

At large values of time, the diffusion tensor obeys the asymptotic relation

Dij ¼ Dtdij; Dt ¼ u02TL; ð1:2Þ
whereDt is turbulent diffusivity of an inertialess impurity andTL �

Ð1
0 YL(t)dt is the

Lagrangian integral time scale.
In scientific literature, the most commonly used approximation for the autocorre-

lation function is an exponential dependence of the form

YL(t) ¼ exp

�
� t
TL

�
: ð1:3Þ

Formula (1.3) is in good agreement with experimental data and with the DNS
results at relatively high Reynolds numbers, except for the region of small values of t.
The behavior of the autocorrelation function (1.3) in the vicinity of t¼ 0 is incorrect,
since Y0

L(0) 6¼ 0.
In isotropic turbulence, the Lagrangian integral scaleTLmay be expressed in terms

of kinetic energy of turbulence k ¼ hu0nu0ni=2 and its dissipation rate e. This is
accomplished by the relation TL¼ 4k/3C0e, where C0 is Kolmogorov�s constant
which, generally speaking, depends on the Reynolds number Re but assumes a
constant value C01 when Re is large. The DNS results shown on Figure 1.1 suggest
that Kolmogorov�s constant can be approximated as

Figure 1.1 Dependence of the Lagrangian integral scale on the
Reynolds number: 1 – formula (1.4), 2 – Yeung and Pope (1989),
3 – Yeung (1997), 4 – Yeung (2001), 5 – F�evrier et al. (2001),
6 – Mazzitelli and Lohse (2004).
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C0 ¼ C01Rel
Rel þC1

; C01 ¼ 7; C1 ¼ 32;

and the Lagrangian integral scale of turbulence divided by the Kolmogorov integral
microscale of turbulence depends linearly on the Reynolds number:

T�L ¼ TL

tk
¼ 2(Rel þC1)

151=2C01
: ð1:4Þ

Following Sawford (1991), we take the asymptotic value of Kolmogorov�s
constant at Rel ! 1 equal to 7. In the above-listed formulas, Rel� (15u04/en)1/2

is the Reynolds number calculated for the Taylor microscale; tk� (n/e)1/2 is the
Kolvogorov time microscale; and n is the kinematic viscosity coefficient of the
fluid.
In order to describeYL for the entire range of t, including the vicinity of t¼ 0, one

can use the two-scale bi-exponential approximation (Sawford, 1991)

YL(t)¼ 1
2R

�
(1þR)exp

�
� 2t
(1þR)TL

�
�(1�R)exp

�
� 2t
(1�R)TL

��
;

R¼ (1�2z2)1=2; z¼ tT
TL

; ð1:5Þ

where tT is the Taylor differential time scale

tT ¼
�
� 2
Y00

L(0)

�1=2

¼
�

2Rel
151=2a0

�1=2

tk: ð1:6Þ

Note that at 2z2 > 1, relation (1.5) may be represented as

YL(t) ¼ 1
@ exp

�
� t
z2TL

��
@cos

� @t
z2TL

�
þ sin

� @t
z2TL

��
; @ ¼ (2z2�1)1=2:

The quantity a0 in Eq. (1.6) represents the dimensionless amplitude of acceleration
fluctuations in isotropic turbulence via the relation haiaji ¼ a0e3=2n�1=2dij. According
to the DNS data (Yeung and Pope, 1989; Vedula and Yeung, 1999; Gotoh and
Fukayama, 2001) for the low and moderately high Reynolds numbers, to the
experimental results of Voth et al. (2002) for the axial and transverse components
of acceleration fluctuations, and to the experimental studies at relatively high
Reynolds numbers in the 900 to 2000 range (Voth et al., 1998), the dependence of
a0 on Rel (see Figure 1.2) can be approximated by

a0 ¼ a01 þ a01Rel
a02 þRel

; a01 ¼ 11; a02 ¼ 205; a01 ¼ 7: ð1:7Þ

Eulerian correlations express the connection between the parameters of a turbu-
lent medium at fixed spatial points. Thus, the Eulerian space-time correlation
moment of fluid velocity fluctuations is defined as follows:

BE ij(r; t) ¼ hu0i(x; t)u0j(x�r; t�t)i:
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Here and later, the Eulerian correlations are defined in a coordinate system moving
with the average velocity of the medium. The most common convention is to
represent the second-order space-time correlation moment as a product of spatial
and temporal correlations:

BE ij(r; t) ¼ Bij(r)YE (t);

Bij(r) ¼ hu0i(x; t)u0j(x�r; t)i; Bij(0) ¼ u02dij;
ð1:8Þ

where Bij(r) is the Eulerian two-point simultaneous correlation moment andYE(t) is
the Eulerian single-point time autocorrelation function of velocity fluctuations.
In homogeneous, isotropic turbulence, any second-rank tensor can be represented

as follows (Monin and Yaglom, 1975):

Mij(r; t) ¼ Mnn(r; t)dij þ [Mll(r; t)�Mnn(r; t)]
rirj
r2

; ð1:9Þ

where Mll and Mnn are the longitudinal and transverse (with respect to the position
vector r) components of the tensor, and r� |r| is the distance between the two points.
For an isotropic solenoidal field such as the velocity field u(x)of an incompressible
fluid, there exists the following relation between the longitudinal and transverse
components of this tensor:

Mnn(r; t) ¼ Mll(r; t)þ r
2
qMll(r; t)

qr
: ð1:10Þ

According to Eq. (1.9) and Eq. (1.10), Bij(r) may be written as

Bij(r) ¼ u02
�
G(r)dij þ [F(r)�G(r)]

rirj
r2

�
; G(r) ¼ F(r)þ r

2
dF(r)
dr

; ð1:11Þ

where F(r) and G(r) are the longitudinal and transverse Eulerian spatial correlation
functions.

Figure 1.2 Dependence of a0 on the Reynolds number:
1 – formula (1.7); 2 – a0¼ 0.052 (Vedula and Yeung, 1999);
3 – a0¼ 7 (Voth et al., 1998); 4 – Yeung and Pope (1989);
5 – Vedula and Yeung (1999); 6 – Gotoh and Fukayama (2001);
7 – axial component (Voth et al., 2002); 8 – transverse component
(Voth et al., 2002); 9 – Bec et al. (2006); 10 – Yeung et al. (2006).
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Among the various common approximations of the Eulerian spatial and temporal
correlation functions, the simplest ones are the exponential dependences

F(r) ¼ exp

�
� r
L

�
; YE (t) ¼ exp

�
� t
TE

�
; ð1:12Þ

characterized by integral spatial and temporal scales L and TE. The transverse spatial
correlation that corresponds to Eq. (1.12) is

G(r) ¼
�
1� r

2L

�
exp

�
� r
L

�
: ð1:13Þ

As it follows from Eq. (1.13), the transverse correlation becomes negative at large
values of r. The existence of the negative tail is necessitated by the requirement that
mass should be conserved in accordance with the continuity equation.
To provide a description of turbulent fields that goes beyond the correlation

moments, it is useful to introduce the so-called structure functions characterizing
spatial and temporal increments of velocity or temperature. The Eulerian spatial
structure function of the second order is defined as

Sij(r) ¼ hDu0i(r)Du0j(r)i ¼ h(u0i(xþ r; t)�u0i(x; t))(u
0
j(xþ r; t)�u0j(x; t))i

¼ 2(hu0iu0ji�Bij(r)): ð1:14Þ

To describe the dispersion of a fluid particle pair, we introduce the Lagrangian two-
particle (aka two-point) correlation moment and the Lagrangian structure function,

BL ij(r; t)¼ hu0i(R1(t); t)u0j(R2(t�t); t�t)i; R1(t)¼ x; R2(t)¼ xþ r;

SL ij(r; t)¼ h(u0i(R2(t); t)�u0i(R1(t); t))(u0j(R2(t�t); t�t)�u0j(R1(t�t); t�t))i
¼ 2(BL ij(t)�BL ij(r; t)):

The Lagrangian two-point correlation moment is associated with the Lagrangian
single-point and Eulerian two-point correlation moments through the self-evident
relations

BL ij(0;t)¼ BL ij(t); BL ij(r;0)¼ BL ij(r): ð1:15Þ
The relative diffusion tensor of two fluid particles may be represented as an

integral of Lagrangian two-point correlations (Lundgren, 1981):

Dr
ij(r; t) ¼ 2

ðt

0

[BL ij(t1)�BL ij(r; t1)] dt1 ¼
ðt

0

SL ij(r; t1) dt1: ð1:16Þ

A Lagrangian two-point correlation, in its turn, may be written as (Zaichik and
Alipchenkov, 2003)

BL ij(r; t) ¼ BL ij(t)þ [Bij(r)�Bij(0)]YLr (tjr); ð1:17Þ
whereYLr (t|r) is the Lagrangian autocorrelation function characterizing the relative
motion of two particles initially separated by the distance r. It is easy to see that once
we require YLr (0)¼ 1, expression (1.17) obeys Eq. (1.15).
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Approximation (1.17) makes it possible to represent the Lagrangian two-point
structure function of velocity fluctuations in the form of a product:

SL ij(r; t) ¼ Sij(r)YLr (tjr); ð1:18Þ

fromwhich it follows thatYLr(t|r) is a Lagrangian autocorrelation function of velocity
fluctuation increment of fluid particles separated by a distance r.
Substitution of Eq. (1.18) into Eq. (1.16) leads to the following formula for

components of the relative diffusion tensor at large values of time:

Dr
ij(r) ¼ Sij(r)TLr ; ð1:19Þ

where TLr �
Ð1
0 YLr (t)dt is the two-point integral time scale characterizing the

velocity fluctuation increment of the two particles.
By analogy with Eq. (1.3), the autocorrelation function of velocity fluctuation

increment can be approximated by an exponential dependence:

YLr (tjr) ¼ exp

�
� t
TLr

�
: ð1:20Þ

Alternatively, following Eq. (1.5), we can approximate it by a two-scale bi-exponential
dependence:

YLr (t)¼ 1
2Rr

�
(1þRr )exp

�
� 2t
(1þRr )TL

�
�(1�Rr )exp

�
� 2t
(1�Rr )TL

��
;

Rr ¼
�
1�;2z2r

�1=2
; zr ¼ tTr

TLr
; ð1:21Þ

where tTr is the Taylor differential time scale of relative velocity of two fluid
particles.
Let us now consider the behavior of the structure function Sij, the coefficient of

relative diffusionDr
ij, and the integral time scale of velocity fluctuation increment TLr

in the viscous, inertial, and external spatial intervals (in that order) within the
framework of Kolmogorov�s similarity hypothesis for small-scale turbulence (Monin
andYaglom, 1975). This hypothesis establishes universality of small-scale turbulence
in the sense that the characteristics of turbulence in the viscous and inertial intervals
at large Reynolds numbers are independent of the large-scale vortex structure. Such
an assumption is permissible only if we disregard the intermittency of turbulence
arising from the fluctuations of the rate of turbulent energy dissipation (Monin and
Yaglom, 1975; Kuznetsov and Sabel�nikov, 1990; Pope, 2000).
In the viscous interval (r�h, where h� (n3/e)1/4 is the Kolmogorov spatial

microscale), the first terms of Taylor�s expansion of the Eulerian longitudinal and
transverse structure functions are equal to (Monin and Yaglom, 1975):

Sll ¼ er2

15n
; Snn ¼ 2er2

15n
: ð1:22Þ

At small values of r, the difference of velocity fluctuations at two points may be
represented as a linear function of the vector connecting these points, namely,
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Du0i(r; t) ¼ u0i(xþ r; t)�u0i(x; t) ¼ g ij(t)rj; ð1:23Þ
where g ij � qu0i=qxj is the velocityfluctuation gradient. In an isotropic linearfield, the
correlation functions of the strain and rotation tensors have the form (Girimaji and
Pope, 1990; Brunk et al., 1998)

hsik(x; t)sjn(xþ r; t)i¼ e
20n

�
dijdkn þ dindjk� 2

3
dikdjn

�
exp

�
� t
ts

�
;

sij ¼
g ij þ g ji

2
;

hwik(x; t)wjn(xþ r; t)i ¼ e
12n

(dijdkn�dindjk)exp
�
� t
tw

�
; wij ¼

g ij�g ji
2

:

ð1:24Þ

As it follows from Eq. (1.24), the strain and rotation correlation functions decrease
exponentially, their respective characteristic times ts and tw being proportional to the
Kolmogorov microscale tk. Expressions for the Lagrangian two-point correlation
functions can be derived from Eq. (1.23) and Eq. (1.24) provided that the distribution
of the distance vector between the points ri and the distribution of the tensor of
velocity fluctuation gradients g ij are statistically independent:

SL ll ¼ er2

15n
exp

�
� t
ts

�
; SL nn ¼ er2

4n

�
1
5
exp

�
� t
ts

�
þ 1

3
exp

�
� t
tw

��
: ð1:25Þ

By substituting Eq. (1.25) into Eq. (1.16) we obtain the longitudinal and transverse
components of relative diffusion of two fluid particles of the continuum (Brunk et al.,
1997):

Dr
ll ¼

etsr2

15n
; Dr

nn ¼
e
4n

�
ts
5

þ tw
3

�
r2: ð1:26Þ

At tw¼ ts the relation (1.26) is consistent with the expression for the coefficient of
relative diffusion derived for the viscous interval by Lundgren (1981). On the other
hand, from Eq. (1.19) and Eq. (1.22) there follows

Dr
ll ¼

eTLrr2

15n
; Dr

nn ¼
2eTLrr2

15n
: ð1:27Þ

Comparing Eq. (1.26) and Eq. (1.27), we see that both expressions coincide at
TLr¼ tw¼ ts . Consequently, in the viscous interval, the integral time scale of velocity
fluctuation increment TLr is equal to

TLr ¼ ts ¼ A1tk ð1:28Þ

Lundgren (1981) theoretically obtained the value
ffiffiffi
5

p
for the constant A1, which is

in good agreement with the value 2.3 obtained by Girimaji and Pope (1990) by the
DNS method.
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Consider now the behavior of characteristics of turbulence in the continuous phase
in the inertial interval (h� r� L), where the effect of viscosity is negligible and the
particulars of large-scale convection do not play any noticeable role. The well-known
similarity hypothesis proposed by Kolmogorov leads to the following self-similar
representation of second order structure functions:

Sll ¼ C(er)2=3; Snn ¼ 4
3
C(er)2=3; ð1:29Þ

where C� 2.0 according to Monin and Yaglom (1975) and Sreenivasan (1995).
It can be shown from similarity considerations that in the inertial interval, one can

construct only one time scale of the order e�1/3r 2/3, so the time scale TLr should be
taken as

TLr ¼ A2e�1=3r2=3; A2 ¼ const: ð1:30Þ
In order to determine the constant A2, let us recall the relations for the third-order

Eulerian structure function. In the case of isotropic turbulence, any tensor of the third
rank may be presented in the following form (Monin and Yaglom, 1975):

Mijk(r; t) ¼
�
Mlll(r; t)�3Mlnn(r; t)

�
rirjrk
r3

þMlnn(r; t)
�
ri
r
djk þ

rj
r
dik þ rk

r
dij
�
:

For an isotropic solenoidal field, the relation

Mlnn(r; t) ¼ 1
6

�
Mlll(r; t)þ r

qMlll(r; t)
qr

�
;

holds, indicating that the third-rank tensor Mijk(r, t) is determined by just one
longitudinal component Mlll(r, t).
Third-order structure functions may be approximately expressed in terms of

second-order structure functions via the relations (Zaichik and Alipchenkov,
2004, 2005)

Sijk ¼ hDu0iDu0jDu0ki ¼ �TLr

3

�
Sin

qSjk
qrn

þSjn
qSik
qrn

þSkn
qSij
qrn

�
: ð1:31Þ

Because of Eq. (1.31), the longitudinal third-order structure function of continuous
phase�s velocity is equal to

Slll ¼ �TLrSll
dSll
dr

: ð1:32Þ

In view of Eq. (1.29) and Eq. (1.30), it follows from Eq. (1.32) that

Slll ¼ � 2
3
A2C

2er: ð1:33Þ

Then, taking into account the well-known Kolmogorov�s relation for the inertial
interval (Monin and Yaglom, 1975), we get

Slll ¼ � 4
5
er; ð1:34Þ
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and comparing Eq. (1.33) with Eq. (1.34), finally obtain 2A2C
2/3¼ 4/5, whence

A2¼ 0.3 at C¼ 2.0.
At relatively large distances between the two points, fluctuations of velocity at these

points are statistically independent. Thus correlation functions vanish in the external
interval (r > L), and structure functions become equal to

Sll ¼ Snn ¼ 2u02: ð1:35Þ

Moreover, at large r the two-point time scale converts to the ordinary Lagrangian
integral time scale

TLr ¼ TL; ð1:36Þ

and the tensor of relative (binary) diffusion is defined by the expression

Dr
ij ¼ 2u02TLdij; ð1:37Þ

In other words, it equals two times the turbulent diffusion tensor of individual fluid
particles (1.2).
To provide a continuous description of the longitudinal structure function of

velocity fluctuations for the entire range of distances r between the two particles, we
shall resort to the approximation proposed by Borgas and Yeung (2004), which
combines relations (1.22), (1.29), and (1.35) for the viscous, inertial, and external
spatial intervals:

Sll ¼ 2u02
�
1�exp

�
� r�

(15C)3=4

��4=3� 153r�4

153r�4 þ (2Rel=C)
6

�1=6

; r�¼ r
h
:

ð1:38Þ
The transverse structure function is expressed through the longitudinal one

according to Eq. (1.10):

Snn ¼ Sll þ r
2
qSll
qr

: ð1:39Þ

Figure 1.3 presents the longitudinal and transverse structure functions calculated
by formulas (1.38) and (1.39) atC¼ 2 and Rel¼ 61. For comparison, we also provide
structure functions obtained by Ten Cate et al. (2004) from the DNS with the help of
the Lattice Boltzmann method. It is obvious that the longitudinal structure function
tends monotonously to the limiting value of two times the intensity of velocity
fluctuations. On the other hand, the behavior of the transverse structure function,
which tends to 2u02, is not monotonous. The maximum in the distribution of Snn
manifests the presence of a negative loop in the distribution of the transverse spatial
correlation function G(r).
The integral time scale of velocity fluctuation increment may be determined from

the approximation similar to Eq. (1.38) that interpolates the relations (1.28), (1.30),
and (1.36) for the corresponding characteristic intervals:
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TLr ¼ TL

�
1�exp

�
�
�
A2

A1

�3=2

r�
���2=3�

r�4

r�4 þðT�L=A2)6

�1=6

; T�L ¼ TL

tk
:

ð1:40Þ
The Taylor timemicroscale of velocityfluctuation increment tTr can be found from

the assumption that the ratio between the macro- and the microscale is independent
of the distance r, that is,

tTr ¼ tTTLr

TL
: ð1:41Þ

A Lagrangian single-particle correlation moment of temperature fluctuations in
the continuous phase is defined as

BLt(t) ¼ hq0(x; t)q0(R(t�t); t�t)jR(t) ¼ xi ¼ hq02iYLt(t); ð1:42Þ
whereYLt(t) is the Lagrangian autocorrelation function of temperature fluctuations,
and hq02i is the intensity of temperature fluctuations in a turbulent fluid.
The Eulerian space-time correlation moment of temperature fluctuations can be

represented as the product of spatial and temporal correlations in themanner similar
to Eq. (1.8), namely,

BEt(r; t) ¼ hq0(x; t)q0(x�r; t�t)i ¼ hq02iFt(r)YEt(t); ð1:43Þ
where Ft(r) is the Eulerian two-point simultaneous correlation function of tempera-
turefluctuations andYEt(t) is the Eulerian single-point time autocorrelation function
of temperature fluctuations. By analogy with Eq. (1.12), the Eulerian spatial and time
correlation functions are often approximated by exponential dependences:

Ft(r) ¼ exp

�
� r
Lt

�
; YEt(t) ¼ exp

�
� t
Tt
E

�
ð1:44Þ

with the appropriate integral spatial and temporal scales Lt and TEt.

Figure 1.3 Longitudinal (1, 2) and transverse (3, 4) Eulerian
structure functions of the second order: 1 – Eq. (1.38);
3 – Eqs. (1.38)–(1.39); 2, 4 – Ten Cate et al. (2004).
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1.2
Motion of a Single Particle and Heat Exchange

The subject of the present book is the behavior of small solid spherical particles in a
turbulent flow. The density of particles is assumed to be much greater than that of the
continuous carrier phase (fluid), and the size of particles is assumed not to exceed the
Kolmogorov spatial microscale. In this case equations of motion for the particles and
for the carrier flow can bewritten in the point-force approximation, with forces applied
to the particles� centers of mass (Boivin et al., 1998; Burton and Eaton, 2005). In
addition, the behavior of particles in a turbulent medium under the postulated
conditions is controlled primarily by the force of hydrodynamic resistance. As a rule,
this force acts as the primarymechanismresponsible for setting the particles inmotion
on the one hand, and for the opposite effect – decelerating or accelerating influence of
the particles on the carrierfluidflow – on the other. Since the continuous phase density
rf is much smaller than the density rp of particle matter, it is safe to disregard the
forces arising from non-stationarity or inhomogeneity of the motion (the virtual mass
effect), forces due to the acceleration or deceleration of the carrier flow (the displaced
mass effect), and the Basset force, which is due to thememory effect (Maxey and Riley,
1983; Michaelides, 2003). A careful study of the influence of these forces on the
turbulent motion of particles for a wide range of density ratios, 2.65�rp/rf� 2650
has beenundertakenbyArmenio andFiorotto (2001), who used theDNSmethod. This
study showed that in the entire considered rangeofrp/rf, the contribution of the virtual
mass effect to the balance of forces acting on a particle is negligible, whereas the
contributions of the flow acceleration effect and the memory effect may be noticeable.
Nevertheless, the influence of the two corresponding forces on the dispersion of
particles in a turbulent flow is still negligible compared to the resistance force, even at
rp/rf¼O(1), and thereforeneednot be taken intoaccount.The various effects resulting
from the rotation of particles fall outside the scope of this book; bear inmind, however,
that these effects can be essential for the motion of relatively large particles.
Under these assumptions, themotion of a single heavy particle is described by the

equation

dRp

dt
¼ vp; ð1:45Þ

dvp
dt

¼ u(Rp; t)�vp
tp

þ F; ð1:46Þ

where Rp and vp are the position and velocity of the particle and u(Rp, t) is the velocity
of the fluid at the point x¼Rp (t).
The first term on the right-hand side of Eq. (1.46) is the hydrodynamic resistance

force the viscous fluid exerts on the particle, and tp is the characteristic time of
dynamic relaxation for the particle:

tp ¼ tp0
j(Rep)

; tp0 ¼
rpd

2
p

18rf n
; ð1:47Þ
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where tp0 is the same relaxation time calculated using the Stokes approximation (that
is, at Rep ! 0), dp is the particle�s diameter, and Rep� dp |u� vp|/n is the Reynolds
number of the flow that goes around the particle.
The function j(Rep) in Eq. (1.47) describes the effect of the inertia force on

hydrodynamic resistance of a spherical particle. One can find in literature a lot
of formulas approximating the standard resistance curve for a spherical particle.
The most commonly used one is the Schiller–Neumann approximation (Clift et al.,
1978)

j(Rep) ¼
�
1þ 0:15Re0:687p at Rep � 103

0:11Rep=6 at Rep > 103:
ð1:48Þ

If the size of the particle ismuch smaller than the spatial microscale of turbulence,
the effect of velocity fluctuations on the particle�s hydrodynamic resistance is
nonexistent. Bagchi and Balachandar (2003) performed the DNS for a flow that
bypasses relatively large particles (whose diameter is 1.5–10 times greater than the
Kolmogorov microscale) to see how turbulence affects particle resistance. It was
shown that turbulent fluctuations have but a small effect on the average resistance
force described by the standard correlation (1.48). But when approximation (1.48) is
applied to predict the instantaneous resistance force, its accuracy falls with
increase of particle size. This result proves that when studying particle interaction
with turbulent eddies of the continuous phase using the point-force approximation,
it is necessary to satisfy the condition dp<h. Moreover, in the case of a flow past
a large particle at high Reynolds numbers, interaction of the wake formed
behind the particle with turbulent eddies of the surrounding medium assumes
increased importance (Wu and Faeth, 1994, 1995 Pan and Banerjee, 1997; Bagchi
and Balachandar, 2004; Legendre et al., 2006). A thorough analysis of these effects is
beyond the scope of present book.
The second term on the right-hand side of Eq. (1.46) denotes a force of different

physical nature – for example, gravity. In near-wall flows, which are typically
characterized by large gradients of all flow parameters, one needs to be aware of
the lift force (Saffman force) caused by the velocity shear (Saffman, 1965, 1968). But
with increase of the density ratio rp/rf between the disperse and continuous phases,
the role of the lifting force diminishes. In the case of a non-isothermal flow, the
motion of very small sub-micron particles near a heating or cooling surface may be
strongly influenced by the thermophoretic force directed toward the cooler medium.
Hence the symbol F encompasses not only the external mass force such as gravity,
but also some other forces (Saffman force, thermophoretic force and so on). As
opposed to the resistance force, the force F is considered deterministic because
possible fluctuations of parameters entering the expression for F are usually
neglected, as the effect of these fluctuations is, with rare exceptions, insufficient
to make an appreciable difference.
When studying heat exchange, thermal inhomogeneity on the particle-size

scale can be ignored in the majority of applied problems. Then, if we ignore heat
exchange via radiation, the temperature change of a single particle is described by the
equation
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dqp
dt

¼ q(Rp; t)�qp
tt

þQ; ð1:49Þ

where qp is particle temperature, q(Rp, t) – temperature of the fluid at the point x¼
Rp (t), and tt – the particle�s characteristic time of thermal relaxation.
The first term on the right determines the interfacial heat exchange that is taking

place via conductive and convective mechanisms of heat transport in a fluid.
The quantity Q denotes the intensity of heat release inside the particle (e.g., as a
result of combustion). The thermal relaxation time for the particle is found from the
relation

tt ¼
Cprpd

2
p

6lNup
; ð1:50Þ

where Cp is heat capacity of the particle�s material and is l the coefficient of heat
conductivity of the fluid.
To calculate the Nusselt number Nup of the flow past the particle, which enters

Eq. (1.50), one can use a well-known relation (Ranz and Marshall, 1952) that is
applicable for a wide range of Rep:

Nup ¼ 2þ 0:6Re1=2p Pr1=3;

where Pr is the Prandtl number of the fluid.

1.3
Velocity and TemperatureCorrelations in a Fluid along the Inertial Particle Trajectories

The behavior of particles in a turbulent flow is governed by their interactions with
turbulent eddies of the continuous phase which these particles encounter on their
way. Therefore any description of statistical characteristics of the disperse phase in a
turbulent fluid is critically dependent on the correlations of velocity and temperature
of the fluid along inertial particle trajectories. It is obvious that these correlations
coincide with the corresponding Lagrangian correlations for fluid particles in the
limiting case of inertialess particles, that is, at tp ! 0. On the other hand, in the
case of highly inertial particles that show weak response to turbulent fluctuations of
the continuous phase, correlations along particle trajectories should coincide with
the corresponding Eulerian correlations in the fluid, which express the statistical
connection betweenfluctuations of parameters atfixed spatial points.Hence, in order
to find velocity and temperature correlations in the fluid along inertial particle
trajectories, it is necessary to know the relations between Lagrangian and Eulerian
correlation moments in a turbulent flow. This problem is closely linked to the
problem of diffusion (dispersion) of a passive impurity (Lumley, 1962; Saffman,
1963; Kraichnan, 1964, 1970; Philip, 1967; Phythian, 1975; Lundgren and Pointin,
1976; Weinstock, 1976; Lundgren, 1981; Lee and Stone, 1983; Middleton, 1985;
Squires and Eaton, 1991a; Kontomaris and Hanratty, 1993; Hesthaven et al., 1995;
Stepanov, 1996). Derivation of theoretical relations between Lagrangian and Eulerian
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correlations is facilitated by Corrsin�s independence conjecture (Corrsin, 1959) – a
hypothesis about independent averaging of random fields of particle displacements
and Eulerian velocity fluctuations. Error analysis and the domain of applicability of
Corrsin�s independence conjecture is the subject ofWeinstock�s paper (1976). On the
basis of this conjecture, Reeks (1977), Pismen and Nir (1978), and Nir and Pismen
(1979) have established the correlations between fluid velocity fluctuations along
particle trajectories and derived closed theoretical solutions for the problem of
dispersion of heavy particles in a turbulent medium. The obtained solutions allow
to describe the effect of diminishing correlativity of particlefluctuationswith increase
of the average velocity slip (i.e., with increase of the drift velocity of particles relative to
the fluid) and the so-called crossing trajectory effect (Yudine, 1959; Csanady, 1963),
and also to account properly for the influence of particle inertia on turbulent diffusion
in the absence of average drift (the so-called inertia effect). Similar problems were
later considered theoretically by Shraiber et al. (1990), Mei et al. (1991), Wang and
Stock (1993), Mei and Adrian (1995), Stock (1996), Etasse et al. (1998), Pozorski and
Minier (1998), Zaichik and Alipchenkov (1999), Derevich (2001), Gribova et al.
(2003), Graham (2004). Numerical studies of particle dispersion in isotropic station-
ary and decaying turbulence by the DNS and LES methods were performed by Riley
and Patterson (1974), Deutsch and Simonin (1991), Squires and Eaton (1991b), Yeh
and Lei (1991), Elghobashi and Truesdell (1992), Mashayek et al. (1997), and
experimental study of velocity correlations and turbulent diffusion of heavy particles
is the subject of works by Snyder and Lumley (1971) andWells and Stock (1983). The
purpose of the present section is to work out a simple model that would result in
suitable analytical expressions for velocity and temperature correlations in a turbu-
lent fluid along inertial particle trajectories.
Lagrangian correlation moment of velocity fluctuations of an element of the

continuous phase (i.e., fluid particle) calculated along an inertial particle trajectory
has the following form (Reeks, 1977):

BLp ij(t) ¼ u02YLp ij(t) ¼ hu0i(x; t)u0j(Rp(t�t); t�t)jRp(t) ¼ xi
¼ Ð hu0i(x; t)u0j(x�r; t�t)d(r�s(t))idr;

s ¼ Sþ s0; S ¼ Wt; s0 ¼
ðt

0

v0p(Rp(t1))dt1: ð1:51Þ

HereYLp ij(t) is the Lagrangian autocorrelation function of fluid velocity along the
particle trajectory and Rp is the position vector of a point on that trajectory. Displace-
ment s of a particle relative to the moving fluid is the sum of two components, which
arise from two independent processes. Thefirst component is due to the drift, which is
characterized by the drift velocity W (i.e. particle�s velocity relative to the average
velocity of the surroundingmedium), and the second (fluctuational) component arises
as a result of the particle�s involvement in turbulent motion. Note that, unlike the
scalar Lagrangian function YL (t), the autocorrelation function of fluid velocity
fluctuationsYLp ij(t) is a tensor, because fluid velocity field along the particle trajectory
is non-isotropic in view of the particle�s average drift relative to the fluid.
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In order to calculate the integral (1.51),wemust employCorrsin�s hypothesis about
the possibility of independent statistical averaging of random fields of particle
displacements and Eulerian velocityfluctuations. In accordancewith this hypothesis,
we obtain the following:

hu0i(x; t)u0j(x�r; t�t)d(r�s(t))i ¼ hu0i(x; t)u0j(x�r; t�t)if(r; t);
f(r; t) ¼ hd(r�s(t))i; ð1:52Þ

where f(r, t)is the probability density of particle displacement r at themoment t. The
quantityf(r, t) usually has aGaussian distribution in either the frequency space or the
coordinate space, with the variance expressed through a Lagrangian autocorrelation
function. Then Eq. (1.51) becomes non-linear and implicit because it contains
YLp ij(t) on both the left-hand side and the right-hand side. Therefore its solution
can be obtained only by numerical or iterativemethods. In order to avoid the iteration
procedure and still obtain a simple explicit expression forYLp ij(t) that could be easily
used in further calculations, we shall take the probability density of particle displace-
ment in the form of a d-function:

f(r; t) ¼ d(r�s(t)): ð1:53Þ

Substituting Eq. (1.52) and Eq. (1.53) into Eq. (1.51) and taking into account the
relations (1.8) and (1.11) for the Eulerian space-time correlationmoment in isotropic
turbulence, we arrive at the following expression for the Lagrangian autocorrelation
function of fluid velocity fluctuations along the particle trajectory:

YLp ij(t) ¼
�
G(s)dij þ [F(s)�G(s)]

hsisji
s2

�
YE (t);

hsisji ¼ WiWjt2 þhs0is0ji; s ¼ hskski1=2:
ð1:54Þ

The fluctuational component of particle displacement is estimated by approximate
integration of the equations of motion (1.45) and (1.46):

s0 ¼ 1
tp

ðt

0

ðt1
0

u0(Rp(t2))exp
�
�t1�t2

tp

�
dt2dt1 � u0

0

�
tþtp

�
exp

�
� t
tp

�
�1

��
:

ð1:55Þ
Let us set the characteristic value of velocity fluctuations in Eq. (1.55) equal to the

root-mean-square value of fluctuational velocity u0:

ju00j ¼ u0: ð1:56Þ
Then relations (1.55) and (1.56) give us the following:

hs0is0ji ¼
u02Y2(t)

3
dij; Y(t) ¼ tþ tp

�
exp

�
� t
tp

�
�1

�
: ð1:57Þ

It is easily seen that approximation (1.54) together with Eq. (1.57) accounts for both
the crossing trajectory effect, which is caused by the drift velocityW, and the inertia
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effect, which is characterized by the particle response time tp. Next, for the Eulerian
temporal and spatial longitudinal correlation functions in Eq. (1.54) we shall take
their exponential dependences (1.12). In doing so, we must keep in mind that
these single-scale approximations, are, strictly speaking, justified only in the limit of
high Reynolds numbers. But they can be adapted for use at finite Reynolds numbers
by taking into account the dependence of the integral scales on Rel. Substitution
of Eq. (1.12), Eq. (1.13), and Eq. (1.57) into Eq. (1.54) yields the following
expressions for the autocorrelation tensor of fluid velocity fluctuations along the
particle trajectory:

YLp ij(t) ¼
�
dij þ

m


3g2t2eiej�(3g2t2 þ 2y2(t))dij

�
6(g2t2 þy2(t))1=2TE

�

� exp

�
� tþm(g2t2 þy2(t))1=2

TE

�
;

ð1:58Þ

where m�TEu0/L is the structure parameter of turbulence, g �W/u0 – the drift
parameter,W� |W|– the absolute value of the drift velocity, ei�Wi/W– components
of the unit vector that points in the direction of the drift velocity.
In the absence of drift (g ¼ 0), the tensor YLp ij(t) becomes isotropic, and YLp ij(t)

YLp(t)dij, where in accordance with Eq. (1.58),

YLp(t) ¼
�
1�my(t)

3TE

�
exp

�
� tþmy(t)

TE

�
: ð1:59Þ

In the limiting case of inertialess particles (tp ! 0), it follows from Eq. (1.59) that

YL(t) ¼
�
1� mt

3TE

�
exp

�
� (1þm)t

TE

�
: ð1:60Þ

Formula (1.60) represents the Lagrangian autocorrelation function of fluid particle
velocity fluctuations in terms of Eulerian variables, in other words, it is characterized
by the Eulerian integral time scale TE and by the structure parameter m. From
Eq. (1.60) there follows a simple relation between the Lagrangian and Eulerian
temporal macroscales:

TL

TE
¼ 3þ 2m

3(1þm)2
; ð1:61Þ

which shows that the ratio of these scales, TL/TE, depends on structure parameterm,
cannot exceed unity, tends to unity at m ! 0 and falls off with increase of m. Such
behavior of TL/TE is in complete agreement with the results obtained by other
authors, for example, Philip (1967), Lee and Stone (1983), Middleton (1985), Wang
and Stock (1993), Stepanov (1996), Derevich (2001). Experimental data for isotropic
grid turbulence give TLu0/L� 0.3� 0.6 (Sato and Yamamoto, 1987). The DNS results
predictTL/TE¼ 0.72� 0.06,m� 1 (Yeung and Pope, 1989) andTL/TE� 0.75,m� 0.7
(Mazzitelli and Lohse, 2004) for stationary turbulence, andTL/TE� 0.82 (Squires and
Eaton, 1991a) for decaying turbulence. The method of kinematic simulation, which
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approximates non-stationary velocity field of the continuum by a superposition of
random Fourier modes, gives TL/TE¼ 0.53� 1.11,m¼ 0.5� 0.88 (Fung et al., 1992)
and TL/TE� 0.4, m� 1.3� 1.4 (Oesterl�e, 2004). Hence the scale ratio TL/TE in
extensively studied isotropic flows usually varies from 0.3 to 0.8 and the structure
parameter is m� 1. This is why Wang and Stock, 1993 adduce the results of
calculations for m¼ 1. For m¼ 1, formula (1.61) gives TL/TE¼ 0.417, which is
slightly above the value TL/TE¼ 0.356 given by Wang and Stock (1993). Figure 1.4
illustrates the correlation of Eq. (1.61) with theoretical dependences as well as the
results of numerical calculations by other authors. It should be noted that the
inequality TL <TE results from the fact that TE reflects only the temporal decay of
velocity fluctuation correlations in a turbulent fluid at a fixed point in space, whereas
TL takes into account both temporal and spatial decay of velocity correlations for a
fluid particle in the course of its motion. Hence formula (1.61) is in good agreement
with the theoretical dependences as well as with the results of numerical calculations
by the authors listed in the caption for Figure 1.4.
In view of Eq. (1.61), Lagrangian autocorrelation function (1.60) takes the form

YL(t) ¼
�
1� m(3þ 2m)t

9(1þm)2TL

�
exp

�
� (3þ 2m)t
3(1þm)TL

�
: ð1:62Þ

As evidenced by Figure 1.5, the influence of parameter m on the dependence
YL(t/TL) is very weak, and for all possible values ofm this dependence is only slightly
different from the exponential approximation (1.3) corresponding to the limit
m ! 0. The peculiarity of the dependence (1.62) is the existence of a negative loop
(negative tail) at large values of t/TL, which, however, is barely noticeable at finite
values of parameter m. Even for the limiting dependence

YL(t) ¼
�
1� 2t

9TL

�
exp

�
� 2t
3TL

�
; ð1:63Þ

Figure 1.4 Ratio of Lagrangian and Eulerian timemacroscales vs.
structure parameter of turbulence: 1 – (1.61); 2 – Philip (1967);
3 – Lee and Stone (1983); 4 – Stepanov (1996); 5 – Derevich
(2001), 6 – Fung et al. (1992); 7 – Wang and Stock (1993);
8 – Oesterl�e (2004); 9 – Mazzitelli and Lohse (2004).
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at m ! 1, the maximum negative value of YL is equal only to 0.0061 at t/TL¼ 6.
Therefore the exponential dependence (1.3) is a good approximation for the Lagrang-
ian autocorrelation function of velocityfluctuations offluid (inertialess) particles at all
possible values of structure parameter m.
In view of expression (1.59) for the autocorrelation function, the integral scale of

fluid velocity fluctuations along inertial particle trajectories in the absence of average
slip (drift) of particles relative to the fluid is given by

TLp ¼
ð1

0

YLp(t) dt ¼
ð1

0

�
1�my(t)

3TE

�
exp

�
� tþmy(t)

TE

�
dt: ð1:64Þ

The quantity TLp may be considered as the duration of particle interactions with
energy-carrying turbulent eddies. It follows from Eq. (1.64) that TLp is determined by
two parameters: the Stokes number StE� tp/TE, which characterizes particle inertia
with respect to the timemacroscale of turbulence, and the structure parameterm. As
one can see from Figure 1.6, the value of TLp increases monotonously from the
Lagrangian to the Eulerian macroscale as the Stokes number StE grows from 0 to1.
It should be noted that the quantity u0y(t) represents the effective free path of a
particle undergoing fluctuational motion. Decrease of the effective free path with
increase of the Stokes number explains why the correlation between turbulent
characteristics of fluid particles moving along inertial particle trajectories changes
from Lagrangian to Eulerian. The influence of the parameter m manifests itself
through the ratio TL/TE. When the structure parameter is less than one (m� 1), the
integral (1.64) is approximated by the formula

TLp ¼ TL þ (TE�TL) f (StE ); f (StE ) ¼ StE
1þStE

� 0:9mSt2E
(1þStE )2(2þ StE)

; ð1:65Þ

which asymptotically approaches the limiting relations at StE ! 0, StE ! 1 and
m ! 0. It is easy to see that formula (1.65) gives a good approximation of Eq. (1.64)

Figure 1.5 Influence of the structure parameter of turbulence on
the Lagrangian autocorrelation function: 1 – m¼ 0 (1.3);
2 – Eq. (1.63) at m¼ 1; 3 – m ! 1, i.e., Eq. (1.63).
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even at m¼ 1. The dependence of TLp/TL on Stokes number StE,

TLp ¼
�
1� 0:644

(1þStE)0:4(1þ 0:01StE)

�
TE ;

TL

TE
¼ 0:356; ð1:66Þ

which was obtained by Wang and Stock (1993) as an approximation of the general
equations at m¼ 1, is also shown on Figure 1.6. The figure suggests a qualitative
agreement between the relations (1.64) and (1.66), even though the kinematic
simulation data obtained by Oesterl�e (2004) is a better match for Eq. (1.66).
The autocorrelation function (1.59) at m¼ 1 and different values of StE is plotted

against time on Figure 1.7a and 1.7b, time being divided by TE and TLp, respectively.
Figure 1.7a demonstrates the growing correlativity of velocity of a fluid particle
moving along a solid inertial particle trajectory as its inertia increases. Figure 1.7b
makes it clear that the dependence of variables yLp and t/TLp on Stokes number StE
vanishes and the exponent

Figure 1.7 Autocorrelation function of fluid particle�s velocity
along an inertial particle trajectory: 1 – StE¼ 0; 2 – StE¼ 1;
3 – StE¼1 (1.67).

Figure 1.6 Influence of the Stokes number on the duration of
particle interaction with turbulent eddies at m¼ 1: 1 – (1.64);
2 – (1.65); 3 – (1.66); 4, 5 – Oesterl�e (2004); 4 – Rel¼ 38;
5 – Rel¼ 112.
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YLp(t) ¼ exp

�
� t
TLp

�
ð1:67Þ

corresponding to the limiting case StE ! 1 is a good approximation for the
dependence YLp(t/TLp) even at StE¼ 1.
In the presence of particle drift, the duration of particle�s interaction with energy-

carrying eddies is a tensor defined as

TLp ij ¼
ð1

0

YLp ij(t)dt:

In accordance with Eq. (1.58), the tensors of the autocorrelation functionYLp ij and
the duration of particle interaction TLp ij in isotropic turbulence may be written as

YLp ij(t)¼
Yl

Lp 0 0

0 Yn
Lp 0

0 0 Yn
Lp

0
B@

1
CA; TLp ij ¼

ð1

0

YLp ij(t) dt¼
Tl
Lp 0 0

0 Tn
Lp 0

0 0 Tn
Lp

0
B@

1
CA;

ð1:68Þ
where the top indexes l and n denote parallel (longitudinal) and transverse compo-
nents of these tensors (here the terms �parallel� and �transverse�mean �with respect
to the vector of the average drift velocity of particles). Parallel and transverse
components of the tensor TLp are written as

Tl
Lp ¼

ð1

0

�
1� my2(t)

3(g2t2þy2(t))1=2TE

�
exp

�
� tþm(g2t2þy2(t))1=2

TE

�
dt;

Tn
Lp ¼

ð1

0

�
1� m(3g2t2þ2y2(t))

6(g2t2þy2(t))1=2TE

�
exp

�
� tþm(g2t2þy2(t))1=2

TE

�
dt: ð1:69Þ

As evidenced by Eq. (1.58) and Eq. (1.69), the reduction of velocity correlations in a
turbulent fluid resulting from the crossing trajectory effect is greater in the longitu-
dinal than in the transverse direction. This fact was first noticed by Csanady (1963)
and was called �the continuity effect�, since it stems from the continuity equa-
tion (1.11) connecting the longitudinal and transverse spatial Eulerian correlation
functions. In the limits of small and large values of the Stokes number StE Eq. (1.69)
gives rise to the asymptotic relations

Tl
Lp(StE ! 0) ¼ 3=þm(2þ 3g2)

3=(1þm=)2 TE ; T
n
Lp(StE ! 0) ¼ 6=þm(4þ 3g2)

6=(1þm=)2 TE ;

= ¼ (1þ g2)1=2; Tl
Lp(StE !1)

¼ TE

1þmg
; Tn

Lp(StE !1) ¼ 2þmg
2(1þmg)2

TE : ð1:70Þ

In another limiting case, when the crossing trajectory effect assumes a leading role
(g ! 1), that is,when thedrift velocity exceeds the intensity of turbulentfluctuationsbya
sufficientamount,Eq.(1.69)leadstothewell-knownrelations(Yudine,1959;Csanady,1963)
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Tl
Lp ¼

L
W

; Tn
Lp ¼

L
2W

;
Tl
Lp

Tn
Lp

¼ 2:

To make an approximate estimation of the duration of particle�s interaction with
turbulent eddies while taking into account the crossing trajectory effect and the
particle inertia effect, we can use interpolations that are based on Eq. (1.65) and
Eq. (1.70):

Tl;n
Lp ¼ Tl;n

Lp(StE ! 0)þ 

Tl;n
Lp(StE !1)�Tl;n

Lp(StE ! 0)
�
f (StE ): ð1:71Þ

Formula (1.71) approximates the integrals (1.69) in the parameter range m� 1,
0� StE <1, 0� g <1 with the error of no more than 5%.
In an effort to incorporate both effects – the inertia effect and the crossing

trajectory effect – into theirmodel, Wang and Stock (1993) employed the assumption
that the parallel component of the autocorrelation function is constant over the ellipse

t2

T2
Lp

þ W2t2

L2
¼ const;

where TLp denotes the duration of particle interaction with turbulence in the absence
of drift (g ¼ 0). This a priori suggestion enables a smooth transition from a flow with
no drift to a flow where drift is a major factor as g goes from 0 to 1, and allows to
obtain the following simple formulas for the parallel and transverse components of
the tensor TLp:

Tl
Lp ¼

TLp�
1þm2

Tg2
�1=2 ; Tn

Lp ¼
2
�
1þm2

Tg2
�1=2�mTg

2
�
1þm2

Tg2
� TLp; mT ¼ TLp

TE
m;

ð1:72Þ
where TLp is determined by Eq. (1.66).
Using Csanady�s (1963) relations for the diffusion coefficient of particles in

isotropic turbulence in the presence of gravity as their starting point, Deutsch and
Simonin (1991) proposed the following simple formulas for the parallel and
transverse components:

Tl
Lp ¼

TL

(1þb2g2)1=2
; Tn

Lp ¼
TL

(1þ 4b2g2)1=2
; b ¼ TLu0

L
: ð1:73Þ

It is obvious that the dependences (1.73) include the crossing trajectory and
continuity effects but ignore the inertia effect. By comparing experimental measure-
ments (Wells and Stock, 1983) with their own numerical results, Deutsch and
Simonin (1991) concluded that b2¼ 0.45.
Figure 1.8 shows how the crossing trajectory effect influences the duration of

particle interaction with turbulent eddies according to the relations (1.69) and (1.72)
for m¼ 1. For comparison, the same figure also presents the results of direct
stochastic trajectory simulation of particle dynamics by Deutsch and Simonin, who
employed the LESmethod to calculate the turbulent characteristics of the carrier flow
(Deutsch and Simonin, 1991). In this work, calculations were carried out for particles
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of diameters dp¼ 45, 57, and 90mm, the density ratio between the particle material
and the carrier fluid being equal to rp/rf¼ 2000. As one can see from the graphs of
Tl;n
Lp versus the drift parameter g shown on Figure 1.8, the dependences (1.69)

and (1.72) are roughly similar, though not as close to each other as the corresponding
dependences obtained by Deutsch and Simonin, whose results for relatively large
values of g slightly favor the Eq. (1.69). It can also be seen that with increase of the
average slip, the influence of particle inertia, that is, of the Stokes number, on TLp is
eliminated, and Tl;n

Lp=TL is governed chiefly by g. Also shown on Figure 1.8 are the
dependencies (1.73), which match the numerical data quite well except for the
regions of small g – as one might have expected, because these dependences do not
take into account the inertia effect and the influence of StE on Tl;n

Lp .
Figure 1.9a and 1.9b describe the autocorrelation functionsYl

Lp andY
n
Lp calculated

by the formula (1.58) at m¼ StE¼ 1 for different values of drift parameter g.

Figure 1.8 Influence of the average slip on the duration of particle
interaction with turbulent eddies in parallel (a) and transverse (b)
directions (with respect to the drift velocity): 1, 2 – (1.69); 3, 4
– (1.72); 1, 3 – StE¼ 0.1; 2, 4 – StE¼ 0.3; 5 – (1.73); 6–8 –Deutsch
and Simonin (1991).

Figure 1.9 Autocorrelation functions at different drift parameter
values: 1 – g ¼ 0; 2, 3 –Yl

Lp; 4, 5 –Y
n
Lp; 2, 4 – g ¼ 1; 3, 5 – g ¼ 10;

6 – (1.74).
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Figure 1.9a shows the reduction of velocity correlativity of fluid particles moving
along inertial particle trajectories with increase of the drift parameter, which is just
the physical manifestation of the crossing trajectory effect. One can easily notice the
growing difference between the parallel and transverse components of correlation
functions as the drift parameter gets larger.
When the drift parameter and the Stokes number both tend to infinity (g ! 1,

StE ! 1), the autocorrelation functions tend to the asymptotic dependences

Y‘
Lp(t) ¼ F

�
Wt
L

�
YE

�
t
TE

�
; Yn

Lp(t) ¼ G

�
Wt
L

�
YE

�
t
TE

�
; ð1:74Þ

which express fluid velocity correlations along an inertial particle trajectory as the
product of Eulerian spatial and temporal velocity correlation functions of the fluid.
The negative loop in the transverse autocorrelation function becomes more visible
with increase of the drift parameter. This fact, which is consistentwith formula (1.74),
has been discussed by Mei et al. (1991) and Squires and Eaton (1991b). Figure 1.9b
illustrates the diminishing role of parameter g as well as the diminishing difference
between Yl

Lp and Yn
Lp when the times entering these two parameters are scaled by

their corresponding integral scales. Having said that, the distinction between the
longitudinal and transverse components is still felt very clearly. Figure 1.9b also
shows the exponential approximation of autocorrelations,

YLp ij(t) ¼ exp
��tT�1

Lp ij

�
: ð1:75Þ

It is evident from Figure 1.9b that the dependence Yl
Lp(t=T

l
Lp)is accurately

described by the exponential function (1.75). On the other hand, the deviation of
Yn

Lp(t=T
n
Lp) from the exponential function is more noticeable.

By using stochastic simulation, Berlemont et al. (1995) found that the duration of
interaction between the turbulence and the particles increases with frequency of
interparticle collisions. At the first glance this result seems counterintuitive because
collisions should reduce the correlation between the motion of inertial particles and
that of the fluid and thereby shorten the interaction time. But in reality, the effect of
increasing TLp with increase of collision frequency has the same explanation as the
particle inertia effect and is related to the inequality TE > TL.
To understand the ultimate effect of collisions, we shouldfirst see how they change

the effective mean free path u0y(t) of a particle undergoing fluctuational motion and
thenmake the corresponding adjustments to Eq. (1.58). Suppose that collisions cause
particles to lose all memory about their preceding involvement in fluctuational
motion of the carrier flow and thereby – in the turbulent flow. The end result is that
whenever a collision occurs, the interaction of the particlewith turbulent eddies starts
again from the scratch. In this case it follows from the approximate solution of the
equations of motion (1.45) and (1.46) that

y(t) ¼ tþ ntp
�
exp

�
� tc
tp

�
�1

�
þ tp

�
exp

�
� t�ntc

tp

�
�1

�
;

ntc < t < (nþ 1)tc; n ¼ 0; 1; 2; . . . ; ð1:76Þ
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where tc is the time interval between collisions. Eq. (1.76) is saying that as the time
interval between collisions becomes shorter (in other words, as the collision
frequency increases), the effective mean free path of particles decreases as if we
increased the particles� inertia. The effect of collisions on the correlations of fluid
velocity fluctuations along particle trajectories is determined by the dimensionless
parameter StC � tp=tc. This parameter can be considered as the Stokes number
characterizing the inertia of particles in relation to the interval between collisions.
When the average slip is absent (g ¼ 0), the autocorrelation function YLp(t) and the
duration of particles� interaction with the turbulence TLp coincide with the Lagrang-
ian and Eulerian characteristics in the respective limiting cases StC ! 0 and
StC !1.
Figure 1.10 illustrates the influence of interparticle collisions on the duration of

particles� interactions with turbulent eddies in the absence of the average slip, when
TLp is determined by expression (1.64) with proper account taken of Eq. (1.76). The
same figure presents the results of direct stochastic simulation of particle motion in
isotropic turbulent field that were obtained by the LES method (Berlemont et al.,
1995). The calculations were carried out for particles of diameter dp¼ 656mm and
densities rp¼ 50, 100, and 200 kg/m3 moving in air. As it follows from Figure 1.9,
instead of being roughly consistent with the LES data, the dependence (1.64) together
with Eq. (1.76) predicts stronger effect of collisions on TLp than suggested by the
results of calculations made by Berlemont et al. (1995). It is also seen that when StC
gets larger, the effect of inertia governed by parameter StE takes a smaller role, and the
effect of collisions emerges as the predominant factor.
For m� 1 the integral (1.64) together with Eq. (1.76) can be approximated by an

expression similar to Eq. (1.65):

TLp ¼ TL þ (TE�TL) f (St�); f (St�) ¼ St�
1þSt�

� 0:9mSt2�
(1þSt�)2(2þ St�)

;

St� ¼
�
St5E þ 10 St5C

�1=5
; ð1:77Þ

Figure 1.10 Effect of collisions on the duration of particles�
interactions with turbulent eddies (m¼ 0.5): 1, 2, 3 – (1.64) with
regard to (1.76); 1 – StE¼ 0.25; 2 – StE¼ 0.5; 3 – StE¼ 1;
4�6 – Berlemont et al. (1995).
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where St� denotes a parameter characterizing the effect of collisions on the duration
of particle–turbulence interaction. The crossing trajectory effect influences TLp,
which can be taken into account by replacing StE in Eq. (1.71) with the effective
Stokes number St�.
The Lagrangian correlation moment of fluid particle�s temperature fluctuations

along an inertial particle trajectory is represented in the form similar to Eq. (1.51):

BLtp(t) ¼ hq02iYLtp(t) ¼ hq0(x; t)q0(Rp(t�t); t�t)jRp(t) ¼ xi
¼ Ð hq0(x; t)q0(x�r; t�t)d(r�sp(t))idr; ð1:78Þ

where YLtp(t) is the Lagrangian autocorrelation function of fluid temperature along
the particle trajectory.
Corrsin�s hypothesis about the possibility of independent statistical averaging of

random fields of particle displacements and Euleruan characteristics of the conti-
nuum as applied to temperature fluctuations yields

hq0(x; t)q0(x�r; t�t)d(r�s(t))i ¼ hq0(x; t)q0(x�r; t�t)if(r; t): ð1:79Þ

Substituting Eq. (1.79) into Eq. (1.78) and employing the relations (1.43), (1.53),
and (1.57), we arrive at the following expression for the Lagrangian autocorrelation
function of fluid temperature fluctuations along the particle trajectory:

YLtp(t) ¼ Ft(s)YEt(t); s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W2t2 þ u02y2(t)

q
: ð1:80Þ

Exponential approximation of Eulerian spatial and temporal correlation functions
of temperature (1.44) transforms Eq. (1.80) into

YLtp(t) ¼ exp

�
� tþmt(g2t2 þy2(t))1=2

TEt

�
; ð1:81Þ

where mt� u0TEt/Lt is the temperature structure parameter of turbulence.
The integral scale of fluid temperature fluctuations along the inertial particle

trajectory is determined through the autocorrelation function (1.81) as

TLtp ¼
ð1

0

YLtp(t) dt ¼
ð1

0

exp

�
� tþmt(g2t2 þy2(t))1=2

TEt

�
dt: ð1:82Þ

The autocorrelation function (1.81) and time microscale (1.82) take into account
both the crossing trajectory effect and the particle inertia effect, which influence
temperature fluctuations of the continuum calculated along the particle trajectories.
The influence of these two phenomena on velocity fluctuations is governed by the
parameters g and StE. Collisions between particles can be taken into account in
Eq. (1.81) and Eq. (1.82) through the dependence (1.76), whereas the net result of
interparticle collisions is characterized by Stokes� parameter StC. In the limiting case
of inertialess particles (StE¼StC¼ g ¼ 0), there follows from Eq. (1.82) a relation
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between Lagrangian and Eulerian time macroscales of temperature fluctuations in a
turbulent fluid:

TLt

TEt
¼ 1

1þmt
: ð1:83Þ

In accordance with Eq. (1.83) the ratio of scales TLt/TEt is governed only by the
temperature structure parameter of turbulence mt� u0TEt/Lt similarly to the depen-
dence (1.61) of the ratio of velocity fluctuation scales TL/TE on m. A similar
dependence of TLt/TEt on mt has been obtained by Derevich (2001) on the basis of
Corrsin�s independence conjecture by using the spectral method.
In the absence of drift, the integral (1.82) can be approximated on the interval

mt� 1 by the dependence similar to Eq. (1.65),

TLtp ¼ TLt þ (TEt�TLt)

�
StE

1þ StE
� 0:8mtSt2E
(1þStE )2(2þStE )

�
; ð1:84Þ

the approximation being asymptotically exact at mt ! 0.
In the limiting cases of very small and large values of the Stokes number StE, the

following asymptotic relations result from Eq. (1.82):

TLtp(StE ! 0) ¼ TEt

1þmt(1þ g2)1=2
; TLtp(StE !1) ¼ TEt

1þmtg
: ð1:85Þ

In the presence of drift and for the parameter rangemt� 1, 0�StE <1, 0� g <1,
the integral (1.82) can be approximated by a dependence that is based on the
relations (1.84) and (1.85), with the margin of error not exceeded 5% and the end
result being similar to Eq. (1.71):

TLtp ¼ TLtp(StE ! 0)þ [TLtp(StE !1)�TLtp(StE ! 0)]

�
�

StE
1þStE

� 0:8mtSt2E
(1þStE)2(2þ StE )

�
: ð1:86Þ

The effect of interparticle collisions on TLtp can be taken into account by replacing
StE in Eq. (1.84) and Eq. (1.86) with the effective Stokes number St�.
Similarly to Eq. (1.67), the functionYLtp of t/TLtp is rather accurately described by

the exponential dependence

YLtp(t) ¼ exp

�
� t
TLtp

�
ð1:87Þ

which is asymptotically exact in the limit St� ! 1 and g ! 1.
Bymaking an appropriate preliminary choice of the autocorrelation functions, say,

in the formgivenby the exponential functions (1.67), (1.75), and (1.87), we can reduce
the problem of finding fluid velocity and temperature correlations along inertial
particle trajectories to the problem of finding the Lagrangian time scales TLp and TLtp
characterizing the interaction of particles with turbulent eddies.
It should be noted that the model proposed in the present section requires

estimations for TLp and TLtp and has a semi-empirical character: not only does it
hinge on the previously made assumptions, in particular, on Corrsin�s conjecture
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employed in Eq. (1.52), Eq. (1.79) and especially on the suppositions we made when
deriving Eq. (1.57) and Eq. (1.76), but it also critically depends on the structure
parameters of turbulencem andmt that must be provided externally, that is, obtained
from a physical experiment or from numerical simulation.

1.4
Velocity and Temperature Correlations for Particles in Stationary Isotropic Turbulence

The present section considers the correlationmoments for the velocity and tempera-
ture of particles in a stationary isotropic turbulent field and presents the relations
between the intensities of velocity and temperature fluctuations in the disperse and
continuous phases.
First, let us define the mixed Lagrangian correlation moment of fluid and particle

velocity fluctuations:

Bfp ij(t) ¼ hu0i(x; t)v0j(Rp(t�t); t�t)jRp(t) ¼ xi; ð1:88Þ

where Rp is the position vector of a point on the particle�s trajectory.
From the particle�s equation of motion (1.46) there follows an equation for the

mixed correlation moment (1.88):

dBfp ij

dt
�Bfp ij

tp
¼ �BLp ij

tp
; ð1:89Þ

where BLp ij (t) is the Lagrangian correlation moment of fluid velocity fluctuations
along the particle�s trajectory (1.51). The solution of Eq. (1.89) obeying the condition
Bfp ij ! 0 at t ! 1 is written in the matrix notation as

Bfp(t) ¼ 1
tp

ð1

t

BLp(x)exp
�
t�x
tp

I
�
dx ¼ u02

tp

ð1

t

YLp(x)exp
�
t�x
tp

I
�
dx; ð1:90Þ

where I is the unit matrix.
The relation (1.90) gives an expression for the mixed single-point moment of

velocity fluctuations of the continuous and disperse phases:

hu0iv0ji ¼ Bfp ij(0) ¼ u02f u ij; ð1:91Þ

where

f u ¼ 1
tp

ð1

0

YLp(t)exp
�
� t
tp
I
�
dt: ð1:92Þ

The Lagrangian correlation moment of velocity fluctuations for a particle along its
trajectory looks as follows:

Bp ij(t) ¼ hv0i(x; t)v0j(Rp(t�t); t�t)jRp(t) ¼ xi: ð1:93Þ
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In view of the relation

dv0i(t)
dt

dv0j(t�t)
dt

� 

¼ � d2Bp ij

dt2

the particle�s equation of motion (1.46) leads to the following equation for the
correlation moment of particle velocity fluctuations:

d2Bp ij

dt2
�Bp ij

t2p
¼ �BLp ij

t2p
: ð1:94Þ

The following boundary conditions apply for Eq. (1.94):

dBp ij

dt
¼ 0 at t ¼ 0; Bp ij ! 0 at t!1: ð1:95Þ

Integrating Eq. (1.94) andmaking use of the boundary conditions (1.95), we get an
asymptotic expression for the tensor of turbulent diffusion of particles for large
values of time:

Dp ij ¼
ð1

0

Bp ij(t)dt ¼
ð1

0

BLp ij(t)dt ¼ u02TLp ij: ð1:96Þ

In accordance with Eq. (1.96), the tensor of turbulent diffusion of inertial particles
coincides with the corresponding quantity for fluid particles moving along inertial
particle trajectories. Comparing Eq. (1.2) and Eq. (1.96), we obtain

Dp ij ¼
TLp ij

TL
Dt: ð1:97Þ

Thus the ratio of turbulent diffusion coefficients for fluid and solid (inertial)
particles is equal to the ratio of integral scales of fluctuation velocities of the
continuous carrier medium calculated along the corresponding particle trajectories.
If we ignore the distinction between Lagrangian integral scales of turbulence along
the trajectories of fluid and solid particles, in other words, if we assume TLp ij¼TLdij,
then, as it follows from Eq. (1.97), the turbulent diffusion tensors for fluid and solid
particles will also coincide. This result was first obtained by Chen (Hinze, 1975).
From Eq. (1.97) it follows that in the absence of the average slip (drift) between the
particles and thefluid, when the duration of particle interactionwith turbulent eddies
TLp exceeds the LagrangianmacroscaleTL, the coefficient of turbulent diffusion turns
out to be greater for solid particles than for fluid particles. This phenomenon is called
the inertia effect (Reeks, 1977; Pismen and Nir, 1978; Deutsch and Simonin, 1991;
Squires and Eaton, 1991b; Elghobashi and Truesdell, 1992). With increase of the
average slip, the duration of particle interaction with turbulent eddies decreases and
thus the turbulent diffusion coefficient decreases as well. This effect is referred to as
the crossing trajectory effect (Yudine, 1959; Csanady, 1963). Besides, the time scale
Tl
Lp has turned out to be greater than Tn

Lp, therefore the diffusion coefficient of
particles in the longitudinal direction (with respect to the drift velocity vector) Dl

p
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exceeds the diffusion coefficient in the transverse directionDn
p . This effect is called

the continuity effect (Csanady, 1963).
Taking Eq. (1.95) into account, we find the solution of Eq. (1.94):

Bp(t) ¼ u02

2tp

ð1

0

�
exp

�
� jtþ xj

tp
I
�
þ exp

�
� jt�xj

tp
I
��

YLp(x) dx: ð1:98Þ

The expression (1.98) was first obtained by Reeks (1977) by direct integration of
equations of motion for the particles and invoking Corrsin�s hypothesis about
independent averaging of particle displacement fields and fluid velocity fluctuations.
In accordance with Eq. (1.98), a single-point second moment of particle fluctuation
velocities (turbulent stress tensor) is given by the expression similar to Eq. (1.91):

hv0iv0ji ¼ Bp ij(0) ¼ u02f u ij: ð1:99Þ

The tensor fu ij in Eq. (1.91) and Eq. (1.99) characterizes the extent of particles�
involvement in fluctuational motion of the turbulent carrier medium. Thus inertia-
less particles (tp ! 0) are completely involved in turbulent motion and their kinetic
energy coincides with the turbulent energy of the carrier fluid. If the particles are
inertialess, then Eq. (1.92) gives us

lim
tp ! 0

fu ij ¼ dij;

sinceYLp ij(0) ¼ dij:

The extent of particles� involvement in fluctuational motion decreases as their
inertia gets higher, and thus kinetic energy of inertial particles in homogeneous
isotropic stationary turbulence is always lower than turbulent energy of the fluid. For
highly inertial particles, if follows from Eq. (1.92) that

lim
tp !1 fu ij ¼

TLp ij

tp
:

If the Lagrangian autocorrelation function of fluid velocity along the particle�s path
YLp ij(t)is described by the exponential approximation (1.75), the correlationmoment
of particle velocity fluctuations (1.98) takes the form

Bp(t) ¼ u02

2

�
(Iþ tpT�1

Lp )
�1

�
exp(�tT�1

Lp )þ exp

�
� t
tp
I
��

þ (I�tpT�1
Lp )

�1

�
exp(�tT�1

Lp )�exp

�
� t
tp
I
���

; ð1:100Þ

and the tensor characterizing the extent of particles� involvement in turbulent
motion (1.92) becomes equal to

fu ¼ (Iþ tpT�1
Lp )

�1: ð1:101Þ
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In the absence of the average slip of particles with respect to the turbulent fluid, the
Lagrangian correlation moments (1.88), (1.93) and the tensor of particles� involve-
ment in turbulent motion (1.92) turn out to be isotropic:

Bfp ij(t) ¼ Bfp(t)dij; Bp ij(t) ¼ Bp(t)dij; f u ij ¼ f udij;

f u ¼
1
tp

ð1

0

YLp(t)exp
�
� t
tp

�
dt: ð1:102Þ

It is evident that in this case the single-pointmoment of velocity fluctuations of the
continuous and disperse phases (1.91) and the single-point moment of velocity
fluctuations of particles (1.99) will be isotropic as well:

hu0iv0ji ¼ hv0iv0ji ¼ v02dij; ð1:103Þ

where v02 � hv0nv0ni=3 is the intensity of particle velocity fluctuations defined as

v02 ¼ fuu
02: ð1:104Þ

In the case of an exponential autocorrelation function the isotropic involvement
coefficient (1.102) simplifies to

f u ¼
�
1þ tp

TLp

��1

: ð1:105Þ

The relation (1.104) for the intensity ratio of velocity fluctuations of the disperse
and continuous phases with the involvement factor given by (1.105) at TLp¼TL was
first obtained by Chen (Hinze, 1975). As evidenced by Figure 1.11, the depen-
dence (1.104) with the involvement coefficient given by (1.105) is in very good
agreement with the results of numerical simulation by the LESmethod (Deutsch and
Simonin, 1991).

Figure 1.11 Relation between the intensities of velocity
fluctuations of the disperse and continuous phases: 1 – (1.104)
and (1.105); 2 – Deutsch and Simonin (1991).
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Define the Lagrangian autocorrelation function of particle velocities in the absence
of the average drift asYp(t)¼Bp(t)/Bp(0). Then, by virtue of Eq. (1.98) and Eq. (1.102)
the Lagrangian integral scale for particles is

Tp ¼
ð1

0

Yp(t)dt ¼ TLp

fu
: ð1:106Þ

If we set the autocorrelation function of fluid particles moving along the inertial
particle trajectories equal to the exponential approximation of the autocorrelation
function of inertial particle velocities, then Eq. (1.100) gives

Yp(t) ¼ 1
2

�
exp

�
� t
TLp

�
þ exp

�
� t
tp

��

þ (TLp þ tp)
2(TLp�tp)

�
exp

�
� t
TLp

�
�exp

�
� t
tp

��
;

ð1:107Þ

and the Lagrangian integral scale (1.106) becomes equal to

Tp ¼ TLp þ tp: ð1:108Þ
Figure 1.12 compares the formula (1.107) with the DNS results at Rel¼ 53

(Simonin et al., 2002). The duration of particles� interaction with turbulent eddies
entering Eq. (1.107) was determined from Eq. (1.65). The DNS results suggest
TL/TE¼ 0.68, hence the theoretical curves corresponding to Eq. (1.107) correspond to
the value of the structure parameterm¼ 0.3, which due to Eq. (1.61) gives a value that
is close to the above-mentioned ratio of the Lagrangian and Eulerian turbulence
scales. The main conclusion following from Figure 1.12 is that the Lagrangian
integral time scale of particle velocityfluctuations growswith particle inertia, which is
in good agreementwith the formulas (1.106) and (1.108). For highly inertial particles,
the Lagrangian macroscale Tp becomes equal to the relaxation time tp.

Figure 1.12 Autocorrelation function of particle velocity
fluctuations: 1–5 – (1.107); 6–10 – Simonin et al. (2002);
1, 6 – StE¼ 0.04; 2, 7 – StE¼ 0.2; 3, 8 – StE¼ 1.0; 4, 9 – StE¼ 2.3;
5, 10 – StE¼ 3.3.
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Wenow turn to the discussion of temperature fluctuations. The Lagrangianmixed
correlationmoment of temperatures of the continuous and disperse phases along the
particle trajectories is defined as

Bfpt(t) ¼ hq0
i(x; t)q0j (Rp(t�t); t�t)jRp(t) ¼ xi: ð1:109Þ

The equation forBfpt is derived directly from theheat exchange equation (1.49) for a
single particle:

dBfpt

dt
�Bfpt

tt
¼ �BLtp

tt
; ð1:110Þ

where BLtp is the Lagrangian correlation moment of temperature fluctuations of a
fluid particlemoving along the inertial particle trajectory (see Eq. (1.77)). The solution
of Eq. (1.110) has the form similar to Eq. (1.90):

Bfpt(t) ¼ 1
tt

ð1

t

BLtp(x)exp
�
t�x
tt

�
dx ¼ hq02i

tt

ð1

t

YLtp(x)exp
�
t�x
tt

�
dx: ð1:111Þ

According to Eq. (1.111), the mixed single-point moment of temperature fluctua-
tions of the continuous and disperse phases is

hq0q0i ¼ Bfpt(0) ¼ f thq02i; ð1:112Þ
where

ft ¼
1
tt

ð1

0

YLtp(t)exp
�
� t
tt

�
dt: ð1:113Þ

The Lagrangian correlationmoment of temperaturefluctuations of a particle along
its trajectory is equal to

Bpt(t) ¼ hq0(x; t)q0(Rp(t�t); t�t)jRp(t) ¼ xi: ð1:114Þ
In view of the fact that

dq0(t)
dt

dq0(t�t)
dt

� 

¼ � d2Bpt

dt2
;

Equation (1.49) yields the following equation for the correlation moment of particle
temperature fluctuations:

d2Bpt

dt2
�Bpt

t2t
¼ �BLtp

t2t
ð1:115Þ

whose solution has the form similar to Eq. (1.98),

Bpt(t) ¼ hq02i
2tt

ð1

0

�
exp

�
� jtþ xj

tt

�
þ exp

�
� jt�xj

tt

��
YLtp(x)dx: ð1:116Þ
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Due to Eq. (1.116), second single-point moments of temperature fluctuations of
the disperse and continuous phases are connected by the relation

hq02i ¼ Bpt(0) ¼ f thq02i; ð1:117Þ
where the coefficient ft (see Eq. (1.113)) characterizes the susceptibility of particles to
turbulent fluctuations of the carrier fluid temperature.
If the Lagrangian autocorrelation function of fluid temperature along the particle

trajectoryYLtp(t) is described by the exponential approximation (1.87), the correlation
moment of the particle�s temperature fluctuations (1.116) becomes

Bpt(t) ¼ hq02i
2

��
1þ tt

TLtp

��1�
exp

�
� t
TLtp

�
þ exp

�
� t
tt

��

þ
�
1� tt

TLtp

��1�
exp

�
� t
TLtp

�
�exp

�
� t
tt

���
;

and the coefficient of particles� involvement in temperature fluctuations of the
continuum (1.113) reduces to

f t ¼
�
1þ tt

TLtp

��1

: ð1:118Þ

After some algebra, the formulas (1.104), (1.105), (1.117), and (1.118) give us the
following relation between turbulentfluctuations of temperature and velocities of the
disperse and continuous phases:

hq02i
hq02i

¼ v02=u02

v02=u02 þ¡(1�v02=u02)
; ¡ ¼ ttTLp

tpTLtp
; ð1:119Þ

where the parameter ¡ characterizes the relation between heat and the dynamic
inertia of the particles.
By performing a simple comparison of solutions of the equations for the velocity

and particle temperature fluctuations, Yarin and Hetsroni (1994) have obtained
another relation between turbulent fluctuations of temperature and velocities of the
disperse and continuous phases:

�hq02i
hq02i

�1=2

¼ 1�
�
1� v0

u0

�tp
tt

: ð1:120Þ

Starting from Eq. (1.104) and Eq. (1.117) and employing step autocorrelation
functions to determine the involvement coefficients (1.102) and (1.113), Derevich
(2001) also obtained a relation between turbulent fluctuations of temperature and
velocities of the disperse and continuous phases:

hq02i
hq02i

¼ 1�
�
1� v02

u02

�1
¡

; ð1:121Þ

which is identical in form to the relation (1.120) but was derived more rigorously.
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Figure 1.13 presents the ratio of temperature fluctuation intensities of the disperse
and continuous phases as a function of the parameter ¡. It can be seen that the
behavior of the dependences (1.119), (1.120), and (1.121) is qualitatively identical in
the sense that all of them predict that hq02i/hq02i < v02/u02 at ¡< 1 and that hq02i/
hq02i > v02/u02 at ¡ > 1. Figure 1.14 shows how the parameter ¡, which characterizes
the ratio between heat inertia and dynamic inertia of the particle, influences the ratio
of temperature fluctuation intensities of the disperse and continuous phases when
the ratio of velocity fluctuation intensities remains fixed (v02/u02¼ 0.71). It stands out
that Eq. (1.119) is in very good agreementwith theDNS results (Jaberi, 1998) whereas
the dependence (1.120), when compared to the DNS data, predicts an excessively
strong decrease of hq02i/hq02iwith increase of¡– a fact that has been already noted by
Jaberi (1998).

Figure 1.13 Ratio of temperature fluctuation intensities of the
disperse and continuous phases vs the ratio of velocity fluctuation
intensities: 1 –¡¼ 1; 2, 4, 6 –¡¼ 0.5; 3, 5, 7 –¡¼ 2; 2, 3 – (1.119);
4, 5 – (1.120); 6, 7 – (1.121).

Figure 1.14 Ratio of temperature fluctuation intensities of the
disperse and continuous phases vs the ratio between heat and the
dynamic inertia of the particles: 1 – (1.119), 2 – (1.120),
3 – (1.121), 4 – Jaberi (1998).

34j 1 Motion of Particles and Heat Exchange in Homogeneous Isotropic Turbulence



1.5
Particle Acceleration in Isotropic Turbulence

In the present section we discuss the statistics of low-inertia particle acceleration
under the assumption that the deviation of particle trajectories from those of fluid
(inertialess) particles can be neglected. Let us first define the Lagrangian correlation
moment of fluid particle acceleration fluctuations,

AL ij(t) ¼ du0i(x; t)
dt

du0j(R(t�t); t�t)
dt

jR(t) ¼ x
� 


¼ ha0ia0jiYa(t); ð1:122Þ

where ha0ia0ji is the variation of acceleration fluctuations, and Ya(t) is the autocorre-
lation function of acceleration.
As a consequence of the kinematic relation AL ij¼�d2BL ij/dt2 and Eq. (1.1), the

correlation of acceleration fluctuations (1.122) in isotropic turbulence manifests
itself as

AL ij(t) ¼ �Y00
L(t)u0

2dij: ð1:123Þ
Taking into account the normalization condition Ya(0)¼ 1, we derive from

Eq. (1.123) the expressions for the variance and the autocorrelation function of
acceleration fluctuations:

ha0ia0ji ¼
2u02dij
t2T

¼ a0e3=2dij
n1=2

; Ya(t) ¼ Y00
L(t)

Y00
L(0)

¼ � t2TY
00
L(t)
2

; ð1:124Þ

where tT is the Taylor differential time scale (1.6).
The Lagrangian correlation moment of acceleration fluctuations for inertial

particles is defined as

Ap ij(t) ¼ dv0i(x; t)
dt

dv0j(Rp(t�t); t�t)
dt

jRp(t) ¼ x
� 


¼ ha0pia0pjiYpa(t): ð1:125Þ

We conclude from the self-evident relation Ap ij¼�d2Bp ij/dt2 and from Eq. (1.47)
that the correlation of the particles� acceleration fluctuations (1.125) is equal to

Ap ij(t) ¼ BLp ij(t)�Bp ij(t)
t2p

¼ [YLp(t)u02�Yp(t)v02]dij
t2p

¼ ha0pia0pjiYpa(t):

ð1:126Þ
Expression (1.126) together with the condition Ypa(0)¼ 1 gives us the variance of

the fluctuation as well as the autocorrelation function for the acceleration of inertial
particles:

ha0pia0pji ¼
(u02�v02)dij

t2p
¼ (1�f u)u

02dij
t2p

; Ypa(t) ¼ YLp(t)�Yp(t) f u
1�f u

: ð1:127Þ

By analogywith thefirst relation (1.124), let us represent thefluctuation variance of
inertial particles� acceleration as
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ha0pia0pji ¼
ap0e3=2dij

n1=2
; ð1:128Þ

where ap0 is the dimensionless amplitude of acceleration fluctuations. Comparing
the first relations in Eq. (1.127) and Eq. (1.128), we get

ap0 ¼ (1�f u)Rel
151=2St2

; ð1:129Þ

where St� tp/tk is the Stokes number determined by the Kolmogorov time
microscale.
The coefficient of particles� involvement in turbulentmotion enteringEq. (1.129) is

defined by Eq. (1.102). The autocorrelation function YLp(t) is taken to be equal to
YL(t), which in its turn is given by the bi-exponential approximation (1.5). Accord-
ingly, the involvement coefficient takes the form

fu ¼ 2StL þ z2

2StL þ 2St2L þ z2
; ð1:130Þ

where StL� tp/TL is the Stokes number determined by the Lagrangian time macro-
scale. As the Reynolds number gets larger, z ! 0 and the involvement coefficient
tends to

fu ¼ 1
1þ StL

; ð1:131Þ

which corresponds to the exponential autocorrelation function (1.3).
Substituting Eq. (1.130) into Eq. (1.129) and making use of Eq. (1.6), we get

ap0 ¼ a0

�
1þ 151=2a0StðStþT�L)

Rel

��1

: ð1:132Þ

Figure 1.15, which plots the dimensionless amplitude of particle acceleration
against the Stokes number, compares the dependence predicted by formula (1.132)

Figure 1.15 Amplitude of particle acceleration fluctuations:
1, 2, 3 – (1.132); 4, 5, 6 – Bec et al. (2006); 1, 4 – Rel¼ 65;
2, 5 – Rel¼ 105; 3, 6 – Rel¼ 185.
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(with Eqs. (1.4) and (1.7)) taken into consideration) with the DNS results obtained by
Bec et al. (2006). It is readily seen that Eq. (1.132) describes the influence of St as well
as Rel with a sufficient accuracy. It is obvious that since particle acceleration is
governed primarily by small-scale turbulent structures, it makes sense to describe a
particle�s inertia in terms of the relaxation time divided by the Kolmogorov micro-
scale – in contrast to the effect of particle inertia on the intensity of velocity
fluctuations, which is better described in terms of the timemacroscale of turbulence.
As a consequence, we cannot avoid mentioning the fact at low values of St, insertion
of the involvement coefficient (1.131) into Eq. (1.129) rather than into Eq. (1.130) will
produce results that are unacceptable even in the qualitative sense.
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