1
A One-Dimensional Optical Cavity with Output
Coupling: Classical Analysis

In this chapter, a one-dimensional optical cavity with output coupling is con-
sidered. The optical cavity has transmission loss at one or both of the end surfaces.
The classical, natural cavity mode is defined, and decaying or growing mode
functions are derived using the cavity boundary conditions. A series of resonant
modes appears. But these modes are not orthogonal to each other and are not
suitable for quantum-mechanical analysis of the optical field inside or outside of
the cavity. Hypothetical boundaries are added at infinity in order to obtain
orthogonal wave mode functions that satisfy the cavity and infinity boundary
conditions. These new mode functions are suitable for field quantization, where
each mode is quantized separately and the electric field of an optical wave is made
up of contributions from each mode. Some results of quantization are described in
the next chapter. Chapter 3 deals with the usual quasimode model: a perfect cavity
with distributed internal loss or with a fictitious loss reservoir.

1.1
Boundary Conditions at Perfect Conductor and Dielectric Surfaces

In a source-free space, the electric field E and the magnetic field H described using
a vector potential A satisfy the following equations:

VZA(r) — clz (%) A(r) =0 (1.1)

E(r) = f%A(r) (1.2)
1

H(r) = LV A(r) (1.3)
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1 A One-Dimensional Optical Cavity with Output Coupling: Classical Analysis

where c is the velocity of light and u is the magnetic permeability of the medium.
We work in a Coulomb gauge where

divA(r) =0 (1.4)

In this chapter we consider one-dimensional, plane vector waves that are
polarized in the x-direction and propagated to the z-direction. Therefore we write

A(r) = A(z, t)x (1.5)

where x is the unit vector in the x-direction. At the surface of a perfect conductor
that is vertical to the z-axis, the tangential component of the electric vector
vanishes. The tangential component of the magnetic field should be proportional
to the surface current. In the absence of a forced current, this condition is
automatically satisfied: the magnetic field that is consistent with the electric field
induces the necessary surface current. At the interface between two dielectric
media, or at the interface between a dielectric medium and vacuum, the tangential
components of both the electric and magnetic fields must be continuous. Thus, at
the surface z, of a perfect conductor,
0

Az, 1) = 0 (1.6)

and at the interface z; of dielectrics 1 and 2,

0 0

&Al(zl',t) :E‘,Az(Zi,t) (17)
0 0

&Al (Z, t) Z:Zi: EAZ (Z7 t) . (18)

In Equation 1.8 we have dropped the magnetic permeability y; and p,, as-
suming that both of them are equal to that in vacuum, p,, which is usually valid in
the optical region of the frequency spectrum.

1.2
Classical Cavity Analysis

1.2.1
One-Sided Cavity

Consider a one-sided cavity depicted in Figure 1.1. This cavity consists of a lossless
non-dispersive dielectric of dielectric constant €;, which is bounded by a perfect
conductor at z=— d and vacuum at z=0. The outer space 0 < z is a vacuum
of dielectric constant &,. Subscripts 1 and 0 will be used for the regions —d < z < 0
and 0 < z, respectively. The velocity of light in the regions 1 and 0 are ¢; and ¢,
respectively.
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- P % €0, Co

_d 0 —» z

Figure 1.1 The one-sided cavity model.

The natural oscillating field mode of the cavity, the cavity resonant mode, is
defined as the mode that has only an outgoing wave in the outer space 0 < z. For
reasons that will be described in Chapter 14, we also derive a mode that has only
an incoming wave outside. For simplicity, let us call these the outgoing mode and
incoming modes, respectively. Let the mode functions be

Az, t) = u(z)e ", -d<z<0
, (1.9)
_ Veft(wt ¥ kgz)7 0< 2z
where v is a constant. We define the wavenumber k by
k,’ :w/ci, i:071 (1.10)

The upper and lower signs in the second line in Equation 1.9 are for the out-
going mode and the incoming mode, respectively. Substituting Equation 1.9 into
Equation 1.1 via Equation 1.5 we obtain

2 d 2
—w—zu:(d—)m —-d<z<0
“a z (1.11)
k() = g, 0<z
Co
Thus we can set
u(z) = A1z 4 Bethz
(1.12)

v=_=C

where k; = wy, / ¢;. Putting this into Equation 1.6 for z= —d and into Equations 1.7
and 1.8 for z=0, we obtain

Aehd | pgkid _
A+B=C (1.13)
iki(A — B) = +ikyC
We then have

2ikd _ FRo—ki _Foa -6 (1.14)
ki F ko Co+ 1

3
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For the outgoing mode (upper sign) we have

; —C1 — co+ ¢
Qid _ A" 0 LT a (1.15)
Co— €1 Co— €

Because we are assuming that both ¢; and ¢, are real and that the velocity of light
in the dielectric is smaller than that in vacuum (c¢; < ¢o), k; is a complex number
Kiou- We reserve ky for the real part of Ky,,;. Then we obtain

Klout.m = klm -

1
bin = g @m+1)m, m=0,1,23,. ..

g Lqpftea) _1, (1
/_Zdn Co — €1 _Zdn r

There is an eigenmode every nt/d in the wavenumber. Note that the imaginary part
is independent of the mode number. The coefficient

(1.16)

Co— (1
r=——
co + €1

(1.17)

is the amplitude reflectivity of the coupling surface, z=0, for the wave incident
from the left, that is, from inside the cavity. The corresponding eigenfrequency of
the mode is

Qi = Quoutyn = Oan — 1)
2

24

= lin ata —C—lln1
e =24 c—o¢/) 24 \r

where we have defined the complex angular frequency Q,,. In subsequent
chapters, a typical cavity eigenfrequency, with a certain large number m, will be
denoted as

Wem (2m+ 1)m, m=0,1,2,3,. ..

(1.18a)

Q =w,— 1y, (1.18b)

The separation of the mode frequencies is Aw, = ¢;n/d.
Likewise, for the incoming mode (lower sign) we have

; c1 — Co Co—C1
gkl — =— (1.19)
co+a co+ o

from which we obtain
Klin,m = Kfout,m = klm + m/ (1203.)
and

Qki”ﬁm = Qltout,m = Wem + i"/c = Qin (1201))
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Going back to Equation 1.13 we now get the ratios of A, B, and C. Thus, except
for an undetermined constant factor, for the outgoing mode we have

A(z,t) = Up(z)e (1.21a)
sin{Qu(z+d)/ar}, —-d<z<0
um( = {Sin{de/Cl}eiQm(z/Co>, 0 <z (1.211))

and for the incoming mode we have

Az, 1) = lhyy(2)e W (1.22a)
R sin{Q;, (z+d)/ar }, —d<z<0
Uml2) = {sin{Q;d/cl}e‘iﬂiﬁ(‘z/%), 0<z (1.22b)

where the suffix m signifies the cavity mode. We note that the outgoing mode is
temporally decaying whereas the incoming mode is growing. Inside the cavity, the
field is a superposition of a pair of right-going and left-going waves with decaying
or growing amplitudes. We note that #,,(z) = u’,(z), meaning that the complex
conjugate of the incoming mode function is the time-reversed outgoing mode
function.

We also note that different members of the outgoing mode are non-orthogonal
in the sense that

JO u (2) um (2)dz # 0, m # m' (1.23)
—d

Similarly, members of the incoming mode are mutually non-orthogonal. How-
ever, a member of the outgoing mode and a member of the incoming mode are
approximately orthogonal. That is, if normalized properly, it can be shown that

0
J ﬁiut,m(z) Uin e (2) 32 22 O (1.24)

The approximation here neglects the integrals of spatially rapidly oscillating
terms. This is justified when the cavity length d is much larger than the optical
wavelength A, = 27c; /wy, or when m > 1 in Equation 1.16. These relationships
among the outgoing and incoming mode functions will be discussed in Chapter 14
in relation to the quantum excess noise or the excess noise factor of a laser.

1.2.2
Symmetric Two-Sided Cavity

Consider a symmetrical, two-sided cavity depicted in Figure 1.2. This cavity con-
sists of a lossless non-dispersive dielectric of dielectric constant &, which is

5
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€0, Co -

—d 0 d — ¢

Figure 1.2 The symmetrical two-sided cavity model.

bounded by external vacuum at both z= —d and z=d. Subscripts 1 and 0 will be

used for the internal region —d < z < d and external region d < zand z < —d,

respectively. The velocity of light in the regions 1 and 0 are ¢; and c,, respectively.
Let the mode functions be

Az, t) = u(z)e ", —d<z<d
= pe(@Fko2) d < z (1.25)
_ We—i(wtikoz)’ 2 < —d

where again the upper signs are for the outgoing mode and the lower ones are for
the incoming mode, and both v and w are constants. Following a similar procedure
as above, this time we get symmetric and antisymmetric mode functions for both
outgoing and incoming modes.

The symmetric outgoing mode function is (problem 1-1)

cos(Qz/c1)e ¥, —d<z<d
A(z, 1) = { cos(Qd/cy)e  Hi-(zd/e} d<z (1.26)
cos(Qd/cy)e HHEtd)/al 5 < g
where
Q=Q, =w,—1iy,
_a _
Wy = dmn, m=0,1,2,3,. .. (1.27)
*C—lln fta *C—lln 1
e =04 cw—0c/) 24 \r
The antisymmetric outgoing mode function is
sin(Qz/c;)e ¥, —d<z<d
Az, t) = sin(Qd/c; )e - (z=d) o} d<z (1.28)

— sin(Qd/c; )e M (zrd) e} z<—d
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where

Q=Q, =w,—iy,
_a

1 —C—lln f + o1 —C—lln 1
Ve = 2d co—c1) 24 \r

The symmetric and antisymmetric incoming mode functions are given by
Equations 1.26 and 1.28, respectively, with Q,, replaced by Q). Note that the
antisymmetric mode functions for 0 < z, if shifted to the left by d (z — z+4d),
coincide with the mode functions for the one-sided cavity in Equations 1.21a and
1.22a, as is expected from the mirror symmetry of the two-sided cavity. The rela-
tions 1.23 and 1.24 also hold in this cavity model.

dm+1Dr, m=01,23,... (1.29)

13
Normal Mode Analysis: Orthogonal Modes

As we have seen in the previous section, the natural resonant modes (outgoing
mode) of the cavity, as well as the associated incoming modes, are non-orthogonal
and associated with time-decaying or growing factors. This feature is not suitable
for straightforward quantization. For straightforward quantization, we need ortho-
gonal, stationary modes describing the cavity. For this purpose, we introduce arti-
ficial boundaries at large distances so as to get such field modes.

1.3.1
One-Sided Cavity

1.3.1.1  Mode Functions of the “Universe”

For the one-sided cavity, we add a perfectly reflective boundary of a perfect conductor
at z=1L as in Figure 1.3. Then we have three boundaries: at z=—d and z=L the
boundary condition 1.6 applies, whereas at z=0 the conditions 1.7 and 1.8 apply.
The region —d < z < Lis our “universe,” within which the region —d < z < 0is
the cavity and the region 0 < z < L is the outside space.

e, 0T T €0, Co

_________ /
L —» Z

Figure 1.3 The one-sided cavity embedded in a large cavity.
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Here, again, subscripts 1 and 0 will be used for the regions —d < z < 0 and
0 < z < L, respectively. Assuming, again, the form of Equation 1.5 for the field,

we assume the following form of the field:
A(z,1) = Q1 U(2)
We try solutions of the form:

Ai(z,t) = Q) Ur(z,t), —-d<z<O0

Ao(z,t) = Q) Up(z,t), 0 <z <L

Then Equation 1.1 gives

(ij(t) Q) = 0

and

(diz)z Ui(z) + (k)" Ui(2) = 0

(1) e+ o7t o

where

ki = o/a = oleg)?, i=0,1

Thus we assume the following spatial form:

Ui(z) = a1e%1% 4 bre %z,
U2) _{ 1(z) = m 1

Uo(2) = age™= + boe ™=,

Applying the boundary conditions yields

ale—ikld 4 bleikld -0
a1 +by =ay+ by
a1k1 - blkl = a()k() - boko

aoetkoL + boeﬂkuL =0

-d<z<0

0<z<lL

(1.30)

(1.31a)

(1.31b)

(1.32a)

(1.32b)

(1.33)

(1.34)

(1.35a)
(1.35b)

(1.35¢)

(1.35d)

For non-vanishing coefficients, we need the determinantal equation (problem 1-2)

tan(koL) = — (ko/k1) tan(k:d)

(1.36)
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or

d L
¢ tanw——l—cotanw—:O (1.37)
a Co

Under this condition, the function A can be determined except for a constant
factor as

Ai(z,t) =fsink; (z+ d) cos(wt+ ¢), —-d<z<0
_ kicoskid .
Ag(z,t) —kaCOSkOLsmko(z L)cos(wt+ ¢) (1.38)

:f<%cosk1dsinkoz+sinkldcoskoz> cos(wt+¢), 0<z<lL
0

where ¢ is an arbitrary phase and fis an arbitrary constant. Equation 1.37 has been
used in the last line.

1.3.1.2 Orthogonal Spatial Modes of the “Universe”

Now the allowed values of ko ; or @ are determined by Equation 1.37. If we choose
alarge L, L >d, it can be seen that the solution is distributed rather uniformly with
approximate frequency, in ko, of n/L, and that there is no degeneracy in ko and
thus in w. It can be shown that the space part of the jth mode functions in
Equation 1.38, that is,

sinkyj(z+d), —-d<z<0
U=k (139)
k—cos kijdsinkeiz +sinkyjdcoskgz |, 0<z <L
YUl
form an orthogonal set in the sense that
L
Js@u@q@hzm oy (1.40a)
—d

To show this relation, let us consider the integral

L1909 5}
I_L%amwgq@&

o )

1 1o}
= ‘u—o U,(Z)& [J}(Z)
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k2. (0 k2. (L
:—JJ Ui(z)Uj(z)dz + —jJ Ui(z) Uj(z)dz

Ho J-a Ho Jo
L

= w}z (JO e1Ui(2) Uj(z)dz + J o Ui(2) Uj(z)dz> (1.40b)

—d 0

In the second line, the values at z=—d and z= L vanish because of the con-
dition on the perfect boundary, while the values at z=0 cancel because of the
continuity of both the function and its derivative. The Helmholtz equation 1.32a
and 1.32b was used on going from the third to the fourth line. Finally, Equation
1.33 was used to go to the fifth line. Because we can interchange Uj(z) and Uj(z) in
the first line, we also have

L

I= w,ZJ &(2) Ui(2) Uj(z)dz (1.40¢)
—d

Thus we have

0= (w? - w?) Jid &(z) Ui(2) Uj(z)dz (1.404)

Since the modes are non-degenerate, the integral must vanish, which proves
Equation 1.40a.

1.3.1.3 Normalization of the Mode Functions of the “Universe”
For later convenience, we normalize the mode function 1.39 as

Uj(z) = Njuj(2) (1.41a)
sinkyj(z + d), —d<z<0
ui(z) = ki 1.41b
i(2) <k—1j cos kyjd sin kojz + sin kyjd cos kojz), 0<z<lL ( )
0j

with the orthonormality property
L
j (2) Ui(2) Uy(2)dz = 8, (1.422)
—d

where the Kronecker delta symbol

. 1, i:j
=30 it) (1.42b)
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It will be left for the reader to derive the normalization constant (problem 1-3):

2
B \/ e1{d + (cos kyjd/ cos ko;L)’L}

_ \/ 2 (1.43)
e1{d+ (1 — Ksin® ky;d)L}

The condition 1.37 has been used in the second line. Note that Kis a constant for
a given cavity. As will be discussed in Section 1.4, we will take the limit L — oo
and ignore the quantity d in Equation 1.43 in later applications of the one-sided
cavity model.

1.3.1.4 Expansion of the Field in Terms of Orthonormal Mode Functions

and the Field Hamiltonian

If the mode functions in Equation 1.41a form a complete set, which will be dis-
cussed in the last part of this section, a vector potential of any spatio-temporal
distribution in the entire space —d < z < L, which vanishes at both ends, may be
expanded in terms of these functions in the form

Alz,t) = Q) Ui(2) (1.44)
k

where Q(t) is the time-varying expansion coefficient. The corresponding electric
and magnetic fields are found from Equations 1.2 and 1.3. In the following, we
want to calculate the total Hamiltonian associated with the waves in Equations
1.39:

2

e 3

H= JL £ Bz + B H(e 2] e
- (1.45)

Writing
d
7 Q=P (1.46)

we perform the integrations in Equation 1.45, which include, for the regions both
inside and outside the cavity, the squared electric and magnetic fields for every
member k and cross-terms of electric fields coming from different members k and
k', and similar cross-terms for the magnetic field. The integration is done in
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Appendix A. The resultant expression is very simple due to the orthogonality of the
mode functions:

1
H= 53 (P2 +0}Q?) (147)
1.3.2
Symmetric Two-Sided Cavity

1.3.2.1 Mode Functions of the “Universe”
For the symmetric two-sided cavity, we impose a periodic boundary condition
instead of perfect boundary conditions. Figure 1.4 depicts a two-sided cavity of a
lossless non-dispersive dielectric of dielectric constant ¢; extending from z= —d to
z=d. The exterior regions are vacuum with dielectric constant &, We assume a
periodicity with period L + 2d and set another dielectric from z=L+d to
z=L+3d. The region —d < z < L+ d is one period of our “universe” within
which the region —d < z < d is the cavity. The “universe” may alternatively be
thought to exist in the symmetric region —L/2 —d < z < L/2 +d.

Here, again, subscripts 1 and 0 will be used for the regions —d < z < d and
d < z < L+ d, respectively. Assuming again the form of Equation 1.5 for the
field, we assume a solution of the form

A(z,t) = Qu(t) Un(2) (1.48)

Equation 1.1 then yields

(4) 0w =-ciow (1.49)

(di) U(z) = K U(2) (150

where k; = wj/c. A general solution of Equation 1.50 in the one period may be
written as

Ugj(z) = Aje™® + Bie ™™ (d <z < L + d) (1.51)

Uij(z) = Ce"® + Dje ™2 (—d < z < d) (1.52)
L it BT oo

—d 0 d L+d L+3d — Z

Figure 1.4 The two-sided cavity with the cyclic boundary condition.
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where
kO,lj = CUJ'/COJ (1.53)

Applying the continuity boundary conditions at z=d and the periodic boundary
conditions at z=—d and Z= L+ d, one has

Uyj(d) = Ugi(d)
Ujj(d) = U'gi(d)
(1.54)
Ulj(—d) = Uoj(L +d)
U/lj(—d) = Uloj(L + d)
The last two equations are obtained by combining the continuous conditions at

z=—d with the cyclic boundary conditions. With Equations 1.51 and 1.52, the
coefficients A;, Bj, Cj, and D; must satisfy

CieMud 1 Die o = Ajgod |- Betod
Cjkljeikljd _ Djkljefikljd _ Ajkojeikgjd _ Bjkojefikgjd

Cie o 4 Do = Ajgholl+d) 4 pe-iku(i+d (1.55)
Cilye ™19 — Djleyse™s = Atk (E0) — Bikgie—ho(b+)

It is left to the reader to show that the determinantal equation for non-zero
values of the coefficients is

ki\ ., koL ki\ ., koL
(1 _k_oj> sin (klJ _T) = (1 —|—k—0j> sin (kl]d+7> (1.56)

which reduces to two equations:

koL

tan(kyjd) = fz—(l)tan (%) (a mode) (1.57a)
ko L

tan(kqyjd) = —i—(l)tan (%) (b mode) (1.57b)

Thus we have two sets of eigenvalues of wavenumber k; or eigenfrequency w;.
We refer to the modes determined by Equation 1.57a as a4 modes and those
determined by Equation 1.57b as b modes. Graphical examination shows that the
a mode and b mode solutions appear alternately on the angular frequency axis.
Then we derive mode functions from Equations 1.55 and 1.57a and 1.57b as
(problem 1-4):
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sin(kyjz) (—d<z<d
U%(2) = o x sin(kyd) cos{koj(z — d) } (1.58a)
o ] (d<z<L+d
+ C—cos(kljd) sin{koj(z—d)}
1

cos (kyjz) (-d<z<d)

cos (kyjl) cos{koj(z — d)
(ks {ko } d<z<Ltd) (1.58b)

fz—osin(kljl) sin{koj(z — d)}
1

1.3.2.2 Orthonormal Spatial Modes of the “Universe”

It can be shown that the two different members, each from either a mode or
b mode, are orthogonal in the sense of Equation 1.40a. They are normalized in
the sense of Equation 1.42a if the constants o; and B; are given by

2
e 1.59
% \/ e1{2d + (1 Ksin? kyd)L} (1.59)

B = :
77\ er{2d + (1 — Kcos? kyd)L}

(1.59b)

where K was defined in Equation 1.43. This can be derived by repeated use of the
determinantal equations 1.57a and 1.57b. As will be discussed in Section 1.4, we
will take the limit L — oo and ignore the quantity 2d in Equations 1.59a and 1.59b
in later applications of the two-sided cavity model.

1.3.2.3 Expansion of the Field in Terms of Orthonormal Mode Functions

and the Field Hamiltonian

If the mode functions in Equations 1.58a and 1.58b form a complete set, which
will be discussed in Section 1.6, a vector potential of any spatio-temporal dis-
tribution in the entire space —d < z < L+dor —L/2 —d < z < L/2+ d may
be expanded in terms of these functions in the same form as in Equation 1.44,

Az 1) =Y QO U(z) (1.60)
k

where Q(t) is the time-varying expansion coefficient. The total Hamiltonian
defined as in Equation 1.45, with the upper limit of integration replaced by L+ 4,
can be evaluated again defining the “momentum” P, associated with the
“amplitude” Qj as in Equation 1.46. Using Equations 1.2 and 1.3, we perform
the integrations as in Equation 1.45, which include, for the regions both inside and
outside the cavity, the squared electric and magnetic field for every member k from
both the @ mode and b mode functions, and cross-terms of electric fields coming
from different members k and k' and similar cross-terms for the magnetic field.



1.4 Discrete versus Continuous Mode Distribution

All the cross-terms vanish on integration due to the orthogonality of the mode
functions. The resultant expression is the same as Equation 1.47:

H= %Z(P,f + ofQ?) (1.61)

k

Note that the mode index k here includes both a mode and b mode functions.

1.4
Discrete versus Continuous Mode Distribution

The length L, expressing the extent of the outside region, was introduced for
mathematical convenience. As we have seen, this allowed us to obtain discrete,
orthogonal mode functions, which are stationary. We eventually normalized them.
Because the physical content of the outside region is the free space outside the
cavity, there is no reason to have a finite value of L. On the contrary, if L is finite
(comparable to d), various artifacts may arise due to reflections at the perfect
boundary at z=L in the case of one-sided cavity or at the neighboring cavity
surface in the case of the two-sided cavity. For this reason, we take the limit L — oo
in what follows.

In this limit, in the case of the one-sided cavity, the normalization constant
reduces to

2
N = 1.62
! \/61 L(1 — K sin’ kyjd) (1.622)

and the normalized mode function is

Uz) = X
P\ e1L(1 = K sin? kt,d)

sinkyj(z+d), —d<z<0 (1.62b)

ki
<k—1jcos kijdsinkez + sinkyjdcos kojz>, 0<z<lL
of

The mode distribution in the frequency domain is determined by Equation 1.37.
For L — oo, the spacing Aw of the two eigenfrequencies is

Aw = (co/L)m (1.63)

which is infinitely small and the modes distribute continuously. The density of
modes (the number of modes per unit angular frequency) is

15
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plo) = — (1.64)
TCo

We note that the maxima of the normalization constant N; occur at the cavity
resonant frequencies given by Equation 1.18a.
In the case of the two-sided cavity, the normalization constants become

2 (1.65a)
o = :
! e1L(1 — K sin” kyjd)

2
b= \/le(1 — Kcos? kqjd) (1.65b)

It is easy to see from Equations 1.57a and 1.57b that the ¢ mode and b mode
appear in pairs along the frequency axis and, in the limit L — oo, every pair is
degenerate. The separation of the pairs is now

Aw = (2¢0/L)m (1.66)
so that the density of modes is

pa(0) = pyl0) = 2p() = o+

= (1.67)
For both the one-sided and the two-sided cavities, the overall density of modes
becomes independent of the cavity size and is equal to L/7 co.
In what follows we sometimes encounter the summation of some mode-
dependent quantity B, over modes of the “universe.” Such a summation is
converted to an integral as follows:

o.¢]

> B — J By, p(wy)day, (1.68a)
k 0
for the case of a one-sided cavity, and

o

0

{Bo.paln) + B, pylen) fdo
(1.68b)

= EJO (B, + B, )p(or)dwy

for the case of a two-sided cavity. Correspondingly, the Kronecker delta symbol
becomes a Dirac delta function by the rule

p(or)drr — ok — k) (1.69)

because for a k-dependent variable f, we should have >~ fid,pv = [dkf (k)d(k — k).
We note that the maxima of the a (b) mode occur at the cavity resonant frequencies
of the antisymmetric (symmetric) modes given by Equation 1.29 (Equation 1.27).
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1.5
Expansions of the Normalization Factor

The squared normalization constant for the one-sided cavity, Equation 1.62a,
divided by 2/(e;L) has two expansions that are frequently used in subsequent
sections and chapters (problems 1-6 and 1-7):

1 2¢ | & 1 "
- === —r)"cos 2nk;;d
1 — Ksin? kijd c1 {; 1+ don (=) Y }

COVc/d

m=—00 "/g + (CL)} - wcm>2

(1.70a)

where the coefficient r was defined in Equation 1.17 and ; = ciky;. The
coefficients wg, and 7y, were defined in Equation 1.18a. The first expansion is a
Fourier series expansion and the second one in terms of cavity resonant modes
comes from the Mittag-Leffler theorem [1], which states a partial fraction
expansion based on the residue theory. Similar expansions exist for the normal-
ization constants for the two-sided cavity in Equations 1.65a and 1.65b [2]. The
expansion for Equation 1.65a is the same as in Equation 1.70a with we, — g, :

1 2c0 | & 1
—_— s = — < —r)" cos 2nky:d
1 — K sin? kijd 2] {Z 1+ 60n (=1 &l }

n=0

Cch/d

— (wj - w?m)z

1 _ 26 = 1 " '
Toszkljd Y {214_50’”(?) cosanljd}

(1.70b)

n=0

= COVc/d

W2+ (g = ob,)’

where @?, = (2m + 1)(nc;/2d) and o’ = 2m(nc;/2d) (m is an integer); »®,
(w? ) is the resonant frequency of the antisymmetric (symmetric) mode function

cm

defined in Equation 1.29 (Equation 1.27).

1.6
Completeness of the Modes of the “Universe”

Concerning the expansion of the field in terms of the mode functions of the
“universe,” it was mentioned above Equation 1.44 that the latter mode functions
must form a complete set. Completeness of a set of functions means the possi-
bility of expanding an arbitrary function, in a defined region of the variable(s), in
terms of them. The set of orthogonal functions in Equations 1.41a and 1.41b

17
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fulfills this property. Assume that an arbitrary function ¥(z) defined in the region
—d < z < Lis expanded as

¥(z) =) Aili(2) (1.71)

where A; is a constant. Multiplying both sides by &(z)Uj(z) and integrating,
we have

J_ds(z) Ui(2)¥(2)dz = J_d ZAis(z) Ui(2) Ui(z)dz = ZA,fsﬁ =4 (1.72)

where we have used Equation 1.42a in the second equality. Substituting this result
in Equation 1.71 we have

¥ =Y [ v i uc)

(1.73)

-] - {Z #Z)Ui(z) Ui(Z)}\P(Z/)dz’

i

Because W(z) is arbitrary, the quantity in the curly bracket should be a delta
function:

Z?(z’) Ui(2)Ui(z) = (2 — z) (1.74)
In integral form it reads

J 6(2) U(2) Ui(2)plos)deos = 3(7 — 2) (1.75)
0
This is a necessary condition for completeness. Conversely, if Equation 1.75 holds,
we can use Equation 1.73 to find the expansion coefficient in the form of Equation
1.72. Thus Equation 1.75 is also sufficient for completeness.

Whether the mode functions in Equations 1.41a and 1.41b really fulfill this
condition is another problem. For example, for the case —d < z < 0 and
—d < Z/ < 0, using Equation 1.62b, we need to show that

o 2 . . / e
Jo dwn—cosl ol Tinzkldsm ki(z+d)sink (2 +d) =06(z —2z) (1.76)

The squared normalization constant N2, is expanded in terms of cos 2nk;d, n=0,
1,2, 3,..., as in Equation 1.70a. So, except for constant factors, the integrand

becomes a sum of integrals of the form

J cos{2nd + (z — 2') } k1 dky

0

or
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J cos{2nd £ (z+ 2 + 2d) }kidky
0

We apply the formula [3]

rc cos zk dk = nd(z) (1.77)

0
Noting that 6(z # 0) = 0, we find for the above combination of z and z’ that

ro L 2 1

d ——————sink d)sink(z' +d) = 6(2 —
0 wncogl&Llstinzkldsm izt djsink(Z +d) =3z —z) (1.78)

—d<z<0, —d<zZ <0

where we have discarded the term —d(z + 2’ + 2d) because it is meaningful only at
the perfect boundary, z = 2’ = —d, where all the fields vanish physically. Other
combinations of the regions for z and z’ can be examined in the same way.
We have

k

> e(2)Un(2) Ui(z) = L &(2) U(2) Ur(2) p (o) dooy (1.79)
=35

(# -2

for -d <z < L, —d < 2/ < L, except z=2 = 0. The exception at z=2'=0
occurs because at z=0 the dielectric constant is unspecified. Also, the boundary
conditions demand that the fields should be continuous across this boundary, so
that a delta function at z=0 is prohibited. The completeness of the mode
functions in the case of two-sided cavities can similarly be examined.

Exercises

1.1 For the symmetrical, two-sided cavity model, derive the resonant frequencies
for the outgoing modes. Also derive the resonant frequencies of the incoming
modes.

1-1. Set u(z) = Aexp(ik1z) + Bexp(—ikiz). Then the boundary conditions at z=d
and z= —d give, respectively,

A kitko o 2ikid A ki Fko il

Bikl:Fko ’ Bikliko

Therefore we have

. ki £k ki £k
eZIkld:+ 1 0 or o~ 0
ki F ko ki F ko

For ¢4 = 4 (k; £ ko)/ (k1 F ko) we have A = B and have symmetric modes. With
the upper signs, a symmetric outgoing mode is obtained; and with the lower signs,
an incoming symmetric mode is obtained. For e?%1% = —(k; + ko) / (k1 F ko) we

19
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have A= —B and have antisymmetric modes. With the upper signs, an antisym-
metric outgoing mode is obtained; and with the lower signs, an antisymmetric
incoming mode is obtained.

1.2 Derive the determinantal equation 1.37 and the mode function in Equation 1.38.
1-2. Delete by and by from Equations 1.35b and 1.35c using Equations 1.35a and
1.35d and divide side by side to obtain Equation 1.36. Next express U; and Uy in
terms of a4 and a,. Determine ay/a; by the modified version of Equation 1.35c to
eliminate a,. Finally, set 2ia; exp(—ikid) = 1f exp(—i¢) to obtain Equation 1.38.

1.3 Derive the normalization constant in Equation 1.43 for the one-sided cavity
model.

1-3. Use the form in the first line of Equation 1.38 for 0 < z < L and use the
determinantal equation 1.37.

1.4 Derive the mode functions for the symmetrical two-sided cavity model given
in Equations 1.58a and 1.58b.
1-4. See the solution to 1-2.

1.5 Show the orthogonality of mode functions in Equations 1.58a and 1.58b for
the symmetric cavity under the cyclic boundary conditions following the example
in Equations 1.40b-1.40d. In the limit L — oo, an a mode and a b mode can be
degenerate. Are they orthogonal?

1-5. An a mode is antisymmetric and a b mode is symmetric with respect to
the center of the cavity z=0. So, if we have the symmetric region
—L/2—d < z < L/2+d as a cycle under the cyclic boundary condition, the a
mode and b mode are easily seen to be orthogonal even if they are degenerate.

1.6 Show that the Fourier series expansion in Equation 1.70a for the squared
normalization constant is valid.

1-6. Multiply both sides by the denominator on the left and compare the
coefficients of cos2nkid, n=0, 1, 2, 3,..., on both sides. Note that
K=1—(ci1/co)* and r = (co — c1)/(co + 1)

1.7 Show that the denominator in the squared normalization constant in Equation
1.70a vanishes at w; = wun F iy,. That is, these w; are simple poles.
1-7. Rewrite the sin? term as follows:

X eikyd _ p—ikyd\ 2 2illin—in)d  p=2ilkin—iy)d _ )
sin® kyjd — =

2i B —4

2ilkin—in)d _ _(1/1,)’ e 2ilkim—ip)d —

Therefore



References

sin? kyjd =

References

1 Carrier, G.F., Krook, M., and Pearson, C.E.

(1966) Functions of a Complex Variable,
McGraw-Hill, New York.

2 Feng, X.P. and Ujihara, K. (1990) Phys.
Rev. A, 41, 2668-2676.

{(1+)/r}+2 _ (141 _ 1 1
4

4o 1-{1-n/a+n)y K

3 Heitler, W. (1954) The Quantum Theory of
Radiation, 3rd edn, Clarendon, Oxford.

21






