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Introduction to Cosmology and String Theory
Johanna Erdmenger and Martin Ammon

1.1
Introduction

Cosmology and string theory are two areas of fundamental physics which have
progressed significantly over the last 25 years. Joining both areas together provides
the possibility of finding microscopic explanations for the history of the early uni-
verse on the one hand, and of deriving observational tests for string theory on the
other. In the subsequent seven chapters, different aspects of string cosmology are
introduced and discussed.

This chapter contains a summary of the basics of both cosmology and string
theory in view of providing a reference and glossary for the subsequent chapters.
The basic concepts are introduced and briefly described, emphasizing those aspects
which are used in the remainder of this book.

There is a wealth of excellent textbooks of both cosmology and string theory,
to which readers interested in further details are referred to – for example [1–7].
Reviews on string cosmology include [8–11]. An introduction to string cosmology
is found in the textbook [12].

Cosmology is introduced in Sections (1.2)–(1.4) below, and string theory in Sec-
tions (1.5)–(1.11).

1.2
Foundations of Cosmology

On the basis of experimental evidence, the common scenario of present-day cos-
mology is the model of the hot big bang, according to which the universe originated
in a hot and dense initial state 13.7 billion years ago, and then has expanded and is
still expanding. The most essential feature of the present-day universe is that it is
homogeneous and isotropic, that is its structure is the same at every point and in
every direction.

This “standard model of cosmology” has received substantial experimental back-
up, beginning with the discovery of the cosmic microwave background (CMB) ra-
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diation by Penzias and Wilson in 1964 [13]. In recent years, a wealth of precise data
has been collected. We list just a few of the important new observations here: In the
1990s, observations of galaxies with the Hubble Space Telescope led in particular
to an accurate measurement of the Hubble parameter. Fluctuations in the cosmic
microwave background radiations have been observed with the COBE satellite, and
subsequently with the BOOMERanG experiment. A further increase in precision
came with the WMAP satellite launched in 2001, whose measurements of the pa-
rameters of the standard model of cosmology are consistent with the conclusion
that the present-day universe is flat. Moreover, these measurements support the
scenario of cosmic inflation. They will be supplemented by further data from the
PLANCK satellite in the near future.

1.2.1
Metric and Einstein Equations

The homogeneity and isotropy of the universe is best described by the Robertson–
Walker metric, which in (–, +, +, +) signature commonly used in string theory reads

ds2 = –dt2 + a2(t)
»

dr 2

1 – κr
+ r 2(dθ2 + sin2 θdφ2)

–
. (1.1)

Here a(t) describes the relative size of space-like hypersurfaces at different times.
κ = +1, 0, –1 stands for positively curved, flat, and negatively curved hypersurfaces,
respectively. The frequency of a photon traveling through the expanding universe
experiences a redshift z of the size

1 + z =
λobserved

λemitted
=

apresent

aemitted
, (1.2)

where λ denotes the photon wavelength.
Using the scale factor a(t) we define the Hubble parameter

H ==
ȧ
a

, (1.3)

with ȧ(t) = da/dt. As was first discovered and suggested by Edwin Hubble, and
has been verified with high precision by modern observational methods, the most
distant galaxies recede from us with a velocity given by the Hubble law,

v � Hd , (1.4)

where d is the distance between us and the galaxies considered.
For describing the expanding universe it is often useful to use the term e-foldings,

defined as e == ln(a(tf)/a(ti)), which describes the growth of the scale factor between
some time ti and a later time tf.

The dynamics governing the evolution of the scale factor a(t) are obtained from
inserting the Robertson–Walker metric into the Einstein equation

Rμν –
1
2

R g μν = 8πGTμν , (1.5)
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where Rμν and R are the Ricci tensor and scalar, G the Newton constant, and Tμν

the energy–momentum tensor. The universe is best described by the perfect fluid
form for the energy–momentum tensor of cosmological matter, given by

Tμν = (ρ + p)uμuν + pg μν , (1.6)

where uμ is the fluid four-velocity, ρ is the energy density in the rest frame of the
fluid, and p is the pressure in the same frame. For consistency with the Robertson–
Walker metric, fluid elements are comoving in the cosmological rest frame, with
normalized four-velocity

uμ = (1, 0, 0, 0) . (1.7)

The energy–momentum tensor is diagonal and takes the form

Tμν =

 
ρ

pgij

!
, (1.8)

where gij stands for the spatial part of the Robertson–Walker metric, including the
factor of a2(t). Inserting the Robertson–Walker metric (1.1) into the Einstein equa-
tion (1.5) with the energy–momentum tensor (1.6), we obtain the first Friedmann
equation

H2 ==
„

ȧ
a

«2

=
8πG

3

X
j

ρj –
κ

a2 , (1.9)

with the total energy density ρ =
P

j ρj, where the sum is over all different types of
energy density in the universe. Moreover, we have the evolution equation

ä
a

+
1
2

„
ȧ
a

«2

= –4πG
X

j

pj –
κ

2a2 . (1.10)

Here pj labels the different types of momenta. Equations (1.9) and (1.10) may be
combined into the second Friedmann equation

ä
a

= –
4πG

3

X
j

`
ρj + 3pj

´
. (1.11)

The first Friedmann equation may be used to define the critical energy density

ρc ==

0
@X

j

ρj

1
A

c

=
3H2

8πG
� 10–29 g

cm3 , (1.12)

for which κ = 0 and space is flat. The density ratio

Ωtotal ==
ρ
ρc

(1.13)
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thus allows us to relate the total energy density of the universe to its curvature
behavior,

Ωtotal > 1 ⇔ κ = 1 ,
Ωtotal = 1 ⇔ κ = 0 ,
Ωtotal < 1 ⇔ κ = –1 .

(1.14)

Recent WMAP observations have shown that today, Ωtotal = 1 to great accuracy,
which leads to the conclusion that the universe is flat.

Energy conservation, ∇μTμν = 0, gives the relation

ρ̇ + 3H(ρ + p) = 0 . (1.15)

This relation is not independent of the Friedmann equations. Using both of them,
energy conservation (1.15) may be rewritten as

d
dt
`
ρa3´ = –p

d
dt

a3 . (1.16)

1.2.2
Energy Content of the Universe

There is good experimental evidence, in particular from WMAP measurements,
that the cosmic fluid contains four different components, and that the total energy
density ρtotal in the universe is equal to the critical density ρc given by (1.12). This
implies

Ωtotal =
X

j

Ωj = 1 , Ωj =
ρj

ρc
, (1.17)

with Ωj denoting the present-day fraction of the energy density contributed by the
j-th fluid component. The four components of the cosmic fluid are the following:
1. Radiation: this component contains predominantly photons, most of which cor-
respond to the cosmic microwave background. The photons are thermally distrib-
uted with temperature T = 2.715 K. The gas of photons satisfies the equation of
state

pRad =
1
3

ρRad . (1.18)

Moreover, there are also cosmic relic neutrinos in this fluid component, thermally
distributed with T = 1.9 K. The total energy density of radiation is a small fraction,

ΩRad W 8 ~10–5 , (1.19)

of the total present-day energy density.
2. Baryons: since their rest mass is much larger than their kinetic energy, their
equation of state is

pB � 0 . (1.20)
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Their energy fraction is

ΩB W 4% . (1.21)

3. Dark Matter: observations of galaxy movement and of matter influence on fluctu-
ations in the CMB provide evidence that there has to be a large amount of long-lived
nonrelativistic matter subject to gravitation, which is not detectable by its emitted
radiation. Determining the exact structure of this dark matter remains one of the
essential challenges of modern cosmology. Just as for the baryons, dark matter has
the equation of state

pDM � 0 , (1.22)

while its energy fraction is

ΩDM W 26% , (1.23)

so that the overall density of nonrelativistic matter is

ΩM == ΩB + ΩDM W 30% . (1.24)

4. Dark Energy: a fourth, similarly unexplained contribution to the cosmic fluid is
dark energy, which for a total energy density Ω = 1, has to be present in the universe
with the large fraction

ΩDE W 70% . (1.25)

Its equation of state is expected to be

pDE = –ρDE . (1.26)

Observational evidence that such a fluid component with negative pressure must
be present include tests of the Hubble expansion rate using supernovae which
imply that the overall expansion rate of the universe, the Hubble parameter H =
ȧ/a, is increasing at present. The Friedmann equation (1.11) implies that this can
only happen for positive energy density if the total pressure is sufficiently negative,
p < –1/3ρ. Since none of the other fluid components has negative pressure, a large
fraction of such a component must be present.

Each of the above equations of state implies that wj = pj/ρj is time independent,
with

wRad =
1
3

, wM = 0 , wDE = –1 . (1.27)

Inserting these values into the energy conservation condition in the form (1.16) we
obtain, with a0 the present-day value of a,

ρj = ρj,0

“a0

a

”αj

, αj = 3(1 + wj) , (1.28)



6 1 Introduction to Cosmology and String Theory

where

αRad = 4 , αM = 3 , αDE = 0 . (1.29)

The different equations of state for the different fluid components thus imply that
their relative abundances differ in the past universe as compared to the present-day
observations since their energy densities vary differently as the universe expands.
The history of the universe splits into periods where radiation, matter, and dark
energy dominate the evolution of the total density, consecutively. The transition be-
tween the radiation and matter-dominated regimes is called radiation–matter equali-
ty and occurs at a scale given by the comoving wave vector of magnitude k � (aH)eq.
Note also that the Friedmann equation (1.9) implies that for w > –1/3, the scale fac-
tor a(t) grows more slowly than the Hubble scale H–1(t).

It is useful to define the comoving frame which moves along with the Hubble flow.
A comoving observer is the only one which sees an isotropic universe.

1.2.3
Development of the Universe

During its expansion the universe experienced a number of decisive physical
events. The earliest cosmological event for which there is observational evidence
is nucleosynthesis, which began about three minutes after the big bang, and lasted
for about fifteen minutes. At this time, the universe cooled below 1 MeV and light
nuclei, hydrogen, helium, lithium, and beryllium, began to accumulate from pro-
tons and neutrons. The observational evidence for nucleosynthesis comes from
measuring the relative abundance of these elements.

The radiation–matter crossover described above occurred at a redshift (1.2) of z ~
3600, or about 50 000 years after the big bang. After this crossover, density inho-
mogeneities can grow only logarithmically with a while they grow linearly with a
during radiation domination.

At a redshift of around z ~ 1100, or about 380 000 years after the big bang,
recombination of nuclei and electrons into electrically neutral atoms occurs. This
is the origin of the cosmic microwave background which corresponds to the light
which is free to move through the universe after recombination. Beforehand, pho-
tons interact with the charged medium surrounding them on short scales. The
CMB corresponds to a surface of last scattering for the photons. Measurements
of the CMB temperature fluctuations, which are of the order δT/T ~ 10–5, pro-
vide direct information about the size of primordial density fluctuations at this
time.

Finally, galaxy formation occurs in the universe once the primordial density fluc-
tuations have been amplified to a scale at which they are no longer well-described
by linear perturbations. According to the cold dark matter model (for reviews see
for instance [14]), the distribution of galaxies observed today also requires the
presence of nonrelativistic (cold) dark matter, together with nonlinear fluctua-
tions.
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1.3
Inflation

1.3.1
Puzzles Within the Big Bang Model

When considering the initial conditions characterizing matter in the big bang sce-
nario of an expanding universe, we encounter a number of puzzles. Three of them
are discussed in the subsequent text. The initial conditions fix the matter distrib-
ution in the universe at the Planckian time of tp = 10–43 s when classical gravity
becomes applicable.

Horizon problem. The horizon problem relates to the fact that the universe is so
extremely homogeneous. The Friedmann equation (1.9) implies that the universe
expands so quickly that thermal equilibration would violate causality. A dimension-
al analysis for the ratio ai/a0 of the initial and the present-day value of the scale fac-
tor a(t) shows that our universe was initially larger than a casual patch by a factor of
the order ȧi/ȧ0. If expansion was always decelerated by an attractive gravity force,
which implies ȧi/ȧ0 >> 1, then the homogeneity scale was always larger than the
causality scale. In fact, using the present size of the universe, the Planck time and
the temperature of the universe now and at Planck time, one finds that ȧi/ȧ0 ~ 1028.
This would require an extraordinary fine tuning.

Flatness problem. While the horizon problem relates to the initial conditions for
the spatial distribution of matter, the flatness problem relates to the initial veloci-
ties. These must satisfy the Hubble law (1.4). The ratio of the kinetic to the total
energy of matter in the universe is again given by (ȧi/ȧ0)2 and if this ratio is very
large, a very unnatural fine tuning between the kinetic energy associated to Hub-
ble expansion and the gravitational potential energy is required. This may be seen
from the Friedmann equation (1.9) which implies

Ω(t) – 1 =
κ

(Ha)2 , (1.30)

and thus, since the present-day Ω0 has been observed to be very close to unity,

Ωi – 1 = (Ω0 – 1)
„

ȧ0

ȧi

«2

< 10–56 (1.31)

for ȧi/ȧ0 ~ 1028. Such an astonishing fine-tuning appears implausible.
Initial perturbations. A third puzzle, related to the other two, concerns the origin

of the original inhomogeneities needed to explain the large-scale structure of the
present-day universe.

1.3.2
The Concept of Inflation

A concept which can solve the puzzles mentioned is inflation. The idea of inflation,
first suggested in [15], is that there is an initial stage of accelerated expansion where
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gravity acts as a repulsive force. If gravity was always positive, then ȧi/ȧ0 is neces-
sarily larger than one since gravity decelerates expansion. ȧi/ȧ0 < 1 is possible only
if gravity is repulsive during some period of expansion. This period of repulsive
gravity can in particular explain the creation of our universe from a single causally
connected region. Moreover, since it accelerates expansion, small initial velocities
inside a causally connected region become very large.

In the inflationary period we have ä > 0. From the Friedmann equation (1.11),
which may be written in the form

ä = –
4πG

3
(ρ + 3p)a , (1.32)

for the total energy density ρ and the total momentum p. We read off that ä > 0
requires ρ + 3p < 0. This implies that the strong energy dominance condition,
ρ + 3p > 0, must be violated during inflation. One example which violates this
condition is a positive cosmological constant for which p W –ρ.

Inflation can only appear during a limited period in time for consistency with
cosmological observations. In simple inflationary models it takes place in the peri-
od of tinf ~ 10–36 – 10–34 s after the big bang. It must end with a “graceful exit”, after
which ä becomes negative again.

Let us consider how the condition p = –ρ may be realized. The matter and its
interactions during inflation is simply modeled by a single scalar field ϕ = ϕ(t), the
inflaton. This can be viewed as an order parameter describing the vacuum of the
physical theory determining the very high energy physics. This gives rise to

ρ =
1
2
ϕ̇2 + V(ϕ) , p =

1
2
ϕ̇2 – V(ϕ) , (1.33)

with potential V(ϕ). The condition p W –ρ requires ϕ̇2 << V(ϕ), so the kinetic energy
must be smaller than the potential energy. This is referred to as “slow roll”. The
Klein–Gordon equation or ρ̇ = –3H(ρ + p) imply

ϕ̈ + 3Hϕ̇ + V ′ = 0 , V ′ ==
∂V
∂ϕ

. (1.34)

The second term in this equation corresponds to a friction term proportional to H.
Generically if friction becomes large, we may neglect the second derivative term ϕ̈

and find an approximate asymptotic solution to (1.34). With ϕ̈ = 0, (1.34) implies

ϕ̇ W –
„

V ′

3H

«
. (1.35)

From the slow-roll condition 1/2ϕ̇2 << V we then obtain the two conditions

ε << 1, η << 1 (1.36)

for the slow-roll parameters

ε ==
1
2

„
MpV ′

V

«2

, η ==
M2

pV ′′

V
. (1.37)
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Single-field slow-roll inflation leads to important consequences for density fluctua-
tions, as discussed in Section 1.4.3 below, and in further detail in Chapters 2 and 3.
It turns out that these consequences can be described just in terms of the two
small parameters ε and η, together with the value of the Hubble parameter during
inflation.

1.4
Fluctuations

1.4.1
Characterization of Small Fluctuations

An important question of cosmology is to study how the large-scale structure of the
universe which is observed today, including galaxies and clusters of galaxies, devel-
oped from the initially flat and homogeneous universe. The large-scale structure
has evolved from initially small fluctuations during the expansion of the universe.
These small fluctuations are taken as initial conditions of the big bang model.

In linear approximation, the fluctuations of the Robertson–Walker metric (1.1),
given by

ds2 =
ˆ(0)g μν + δg μν(x)

˜
dx μ dxν , (1.38)

may be decomposed as follows using the symmetry properties of the unperturbed
Robertson–Walker metric. The linear approximation applies to fluctuations on
length scales below the Hubble scale. It implies that the different fluctuation
modes decouple and have a Gaussian distribution.

The δg00 component has the form

δg00 = 2a2φ , (1.39)

with scalar φ. The spacetime component δg0i has the form

δg0i = a2(∂iB + Si) , (1.40)

where the index i runs over the three space-like components. The vector Si satisfies
∂iSi = 0. The fluctuation component δgij is a tensor under 3-rotations and may be
written as

δgij = a2(2ψδij + 2∂i∂jE + ∂iFj + ∂jFi + hij) , (1.41)

where ψ, E are scalars, ∂iFi = 0, hi
i = 0, ∂ihi

j = 0.
The fluctuations are thus described by the scalar fluctuations φ, ψ, B, E, the vector

fluctuations Si, Fi, and the tensor fluctuations hij. The latter described gravitation-
al waves. All of these functions change under coordinate reparametrizations, but
may be regrouped into coordinate invariant expressions. A particularly important
coordinate invariant combination of scalar fluctuations is

Φ == φ –
1
a
ˆ
a (B – E ′)

˜′ , (1.42)
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where the prime denotes differentiation with respect to conformal time η, defined
by dt = a(t)dη. The fluctuation Φ is the relativistic equivalent of the Newton po-
tential. The Einstein equation (1.5) relates the metric fluctuations to the energy–
momentum tensor and its fluctuations.

1.4.2
Power Spectrum

The power spectrum of fluctuations P(k) is obtained by transforming to Fourier
space. In the linear approximation, a nonrelativistic Fourier transformation is ap-
propriate (see for instance [16]). In particular, for the scalar fluctuations Φ of (1.42)
we have

Φ(r, t) =
Z

d3k
(2π)3 Φk(t) exp

ˆ
i(k/a) · r

˜
, (1.43)

where homogeneity and isotropy of the background imply that Φk(t) depends only
on k = |k| and t. k is the wave vector in the comoving frame which moves along
with the Hubble flow. The physical wavelength is λ = 2πa/k. The power spectrum
is obtained from the autocorrelation function �Φ(r),

�Φ(r) == 〈Φ(r)Φ(0)〉 =
Z

d3k
(2π)3 Ps(k) exp

ˆ
i(k/a) · r

˜
. (1.44)

If we assume that the average denoted by the brackets 〈〉 is given by a Gaussian
distribution, we have

Ps(k) == |Φ(k)|2 (1.45)

for the power spectrum. A dimensionless measure of the power spectrum is
obtained by performing an angular integration within the Fourier transforma-
tion,

〈Φ(r)Φ(0)〉 =

∞Z
0

dk
k

Δ2
Φ(k)

sin(kr/a)
kr/a

, (1.46)

with

Δ2
s (k) ==

1
2π2 k3Ps(k) . (1.47)

The spectral index ns is defined by

ns – 1 ==
d ln Δ2

s

d ln k
. (1.48)
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A spectral index of ns = 1 corresponds to a scale invariant spectrum, also called
a Harrison–Zel’dovich spectrum. For tensor fluctuations or gravitational waves,
denoted by hij in (1.41), the spectral index is defined by

nT ==
d ln Δ2

T

d ln k
. (1.49)

These fluctuations have not yet been observed.
The structure of the spectrum is influenced by the expansion of the universe.

For instance, for a spectrum which is scale invariant for modes k < keq, with keq ==
(aH)eq the momentum scale at radiation–matter equality, we have a spectrum of
the form Δ2

Φ(k) ∝ 1/k4 for modes k > keq. This behavior arises since modes with
k > keq re-enter the Hubble scale before radiation–matter equivalence, while modes
with k < keq do so afterwards (remember that aH shrinks during both matter and
radiation dominated periods).

1.4.3
Fluctuations and Inflation

Inflation has a significant impact on the fluctuation spectrum which originates
from two facts. First, there are new contributions to the equations of motion for
the metric fluctuations which originate from fluctuations of the scalar inflaton
field. Second, while the scale aH shrinks during matter and radiation dominance,
it grows during inflation, such that length scales L ~ a grow faster than H–1. There
is a horizon corresponding to the graceful exit at which inflation ends, and where
the length scales grow slower than the Hubble scale again.

In inflationary models, the fluctuations � of the inflaton φ are obtained from
linearizing the equation of motion

qφ – V ′(φ) = 0 (1.50)

after replacing φ → φ + � and linearizing in � as well as in the metric fluctuations.
The time dependence of the background forces � and the scalar metric fluctua-
tion Φ to mix with each other. For instance, for k >> aH the solution for Φ of the
coupled equations shows a damped oscillation. In the opposite regime k << aH, the
coupled fluctuations equations read, in the slow-roll approximation,

3H�̇ + V ′′(φ)� + 2V ′(φ)Φ = 0 , 2M2
PHΦ = φ̇� . (1.51)

The solutions are, after transforming to momentum space,

�k = Ck
V ′(φ)
V(φ)

, Φk = –
Ck

2

„
V ′(φ)
V(φ)

«2

, (1.52)

with Ck a constant of integration. This constant is set by the initial conditions at the
horizon where the universe exits the inflation period. Since all classical fluctuations
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are damped away during the inflation period, the new perturbations are fueled by
quantum fluctuations. The quantization for the inflaton perturbations reads

�(x) =
Z

d3k
(2π)3

ˆ
ckuk(t) exp( ik · r/a) + c∗ku∗

k(t) exp(– ik · r/a)
˜

, (1.53)

where c∗k , ck are the creation and annihilation operators and uk(t) exp( ik·r/a) is a ba-
sis of eigenmodes of the background field equation. Evaluating �k at the horizon
exit the, where k = aH, determines the integration constant to be

Ck = uk(the)
„

V
V ′

«
he

. (1.54)

Using this, the result for the power spectrum for the scalar metric fluctuations
eventually reads

Δ2
Φ(k) =

„
V

24π2M4
Pε

«
he

, (1.55)

with ε the slow-roll parameter defined in (1.37).
For the spectral index (1.48) we obtain, using that

d
d ln k

= –M2
P

„
V ′

V

«
d

dϕ
(1.56)

in the slow-roll approximation,

ns – 1 = –6ε + 2η , (1.57)

with ε, η as in (1.37), where the right hand side is evaluated at horizon exit. This im-
plies that ns < 1. Therefore, inflation predicts a red tilt in the scalar power spectrum,
since ns < 1 means that the amplitude for smaller momentum modes is larger than
the amplitude for larger momentum modes. Similarly, for tensor modes inflation
predicts that

Δ2
T(k) =

2V
3π2M4

P
, (1.58)

and

nT = –2ε (1.59)

for the tensor spectral index (1.49).
This concludes our brief introduction to cosmology.

1.5
Bosonic String Theory

We now turn to the essentials of string theory, emphasizing aspects relevant to the
subsequent chapters. We begin by discussing bosonic string theory, after which
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we focus on superstring theories and dualities between these theories. Moreover,
the unification of consistent superstring theories in ten dimensions into M-theory
will be discussed. Also, there is a short introduction to D-branes and to compact-
ification scenarios of string theory to four spacetime dimensions. Finally, short
introductions to string thermodynamics and to the AdS/CFT correspondence are
given.

Whereas in conventional quantum field theory the elementary particles are
point-like objects, the fundamental objects in perturbative string theory are one-
dimensional strings. As a string evolves in time, it sweeps out a two-dimensional
surface in spacetime, the world-sheet of the string, which is the string counterpart
of the world-line for a point particle. To parametrize the world-sheet of the string,
two parameters are needed: the world-sheet time coordinate τ = σ0, which param-
etrizes the world-line in the case of a point-like particle, and σ = σ1 parametrizing
the spatial extent of the string. The embedding of the world-sheet of the fundamen-
tal string into the (target) spacetime is given by the functions X μ(τ, σ), which are
also referred to as the embedding functions or target spacetime string coordinates.
Since the action of a point-like particle is given by the length of the world-line, the
natural generalization to the action of a string propagating through flat spacetime
is given by the area of the world-sheet,

S = –
1

2πα′

Z
d2σ
q

– det ∂αX μ∂�Xμ , (1.60)

where d2σ = dσ0 dσ1 = dτdσ. This is the Nambu–Goto action of a fundamental
string. The determinant is taken with respect to α, � = 0, 1, where α and � label
the world-sheet coordinates. Moreover, we use the short-hand notation ∂α = ∂/∂σα.
The only free parameter appearing in this action is α′, which is related to the length
of the string, α′ = l2s . The dimensionful prefactor T = 1/(2πα′) can be interpreted as
the string tension or the energy per length. To get rid of the square root in the action
of the fundamental string in view of quantization, an auxiliary field hα�(σ0, σ1) is
introduced, which has to satisfy the constraints given below. This gives rise to the
Polyakov action,

S = –
1

4πα′

Z
d2σ

√
–hhα�∂αX μ∂�Xμ , (1.61)

which is classically equivalent to (1.60) using the equations of motion of hα�. In
(1.61), h is the determinant of the matrix hα� and hα� is the inverse matrix of
hα�, that is hα�h�γ = δα

γ . The auxiliary field hα� is called the world-sheet metric. The
Polyakov action is invariant under the following symmetries:

– Poincaré transformations
These transformations are global symmetries of the world-sheet fields X μ of
the form

δX μ = Λμ
νX ν + a μ and δhα� = 0 , (1.62)

where Λ μ
ν and a μ are Lorentz transformations and spacetime translations,

respectively.
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– Reparametrizations
The Polyakov action is invariant under reparametrizations since a change in
the world-sheet parametrization of the form σ α → f α(σ) = σ′α with

hα�(σ) =
∂f γ

∂σα

∂f δ

∂σ� hγδ(σ′) and X ′μ(τ′, σ ′) = X μ(τ, σ) (1.63)

does not change the action.
– Weyl transformations

The action is also invariant under rescalings of the world-sheet metric hα�

hα� → eω(σ,τ)hα� and δX μ = 0 . (1.64)

Since this transformation is a local symmetry of the action, the energy–
momentum tensor of the field theory defined on the world-sheet is traceless,
that is T a

a = 0. After quantization, Weyl Symmetry is potentially broken by
a conformal anomaly. In string theory, this anomaly has to be absent, which
is only the case if the spacetime dimension of the target space is D = 26
for bosonic string theory. Moreover, there are restrictions on the form of the
background fields allowed (see Section 1.5.4).

The local symmetries may be used to choose a gauge which brings the components
of the world-sheet metric into a simple form. In particular, the equations of motion
of the action can be simplified by choosing the gauge

hα� = ηα� =

 
–1 0
0 1

!
. (1.65)

In this and other conformal gauges, the equation of motion for X μ(τ, σ) is a rela-
tivistic wave equation,

`
∂2

τ – ∂2
σ
´

X μ = 0 , (1.66)

supplemented by the Virasoro constraints

∂τX μ∂σXμ = 0 , (1.67)

∂τX μ∂τXμ – ∂σX μ∂σXμ = 0 . (1.68)

These constraints are derived from the equations of motion of the auxiliary field
hα� in the Polyakov action and have to be satisfied to ensure the equivalence of the
two actions (1.60) and (1.61) at the classical level.

1.5.1
Open and Closed Strings

By applying variational methods, it is possible to derive not only the equations of
motion but also the possible boundary conditions for the string. There are two
different types of strings: open and closed strings.
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1.5.1.1
Closed Strings
Closed strings are topologically equivalent to a circle, that is they do not have end-
points. If we parametrize these strings by the parameter σ ∈ [0, 2π[, the boundary
conditions read

X μ(τ, 0) = X μ(τ, 2π), ∂σX μ(τ, 0) = ∂σX μ(τ, 2π), hα�(τ, 0) = hα�(τ, 2π) .

(1.69)

This means that the string coordinates X μ are periodic, that is the endpoints are
joined to form a closed loop. The mode expansion for the closed string is simply
given by a pair of left and right-moving waves, which travel around the string in
opposite directions,

X μ(τ, σ) = X μ
R(τ – σ) + X μ

L (τ + σ) . (1.70)

XR (XL) are the right (left) moving parts, respectively. The mode decompositions of
the left and right-moving parts are given by

X μ
R(τ – σ) =

1
2

x μ
0 + α′p μ

R(τ – σ) + i

r
α′

2

X
n=/0

1
n

α μ
n e–2in(τ–σ) (1.71)

and

X μ
L (τ + σ) =

1
2

x μ
0 + α′p μ

L (τ + σ) + i

r
α′

2

X
n=/0

1
n

α̃ μ
n e–2in(τ+σ) . (1.72)

x μ
0 and p μ are the center-of-mass position and momentum of the string, respective-

ly. The periodicity condition requires that p μ
R = p μ

L , and reality of X μ requires the
conditions α μ

–n = (α μ
n )� and α̃ μ

–n = (α̃ μ
n )�. Moreover, the center-of-mass momentum

p μ can be identified with the zero mode of the expansion by

α μ
0 = α̃ μ

0 =

r
α′

2
p μ . (1.73)

1.5.1.2
Open Strings
For open strings, two different boundary conditions in each direction μ of the
spacetime are possible, Neumann or Dirichlet boundary conditions. In the case
of Neumann boundary conditions, the component of the momentum normal to
the boundary of the world-sheet vanishes, that is

∂σXμ(τ, 0) = ∂σXμ(τ, π) = 0 . (1.74)

Note that the open string is now parametrized by σ ∈ [0, π]. The boundary condi-
tion implies that there is no momentum flowing through the ends of the string.
The mode decomposition of the embedding function X μ(τ, σ) is given by

X μ(τ, σ) = x μ
0 + 2α′p μτ + i

√
2α′
X
n=/0

1
n

α μ
n e–inτ cos(nσ) . (1.75)
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Because of the Neumann boundary condition, the left and right-moving waves of
an open string are reflected into each other. As in the case of the closed string, the
center-of-mass momentum p μ of the string can be identified with the zero mode
α μ

0 of the expansion,

α μ
0 =

√
2α′p μ . (1.76)

If we choose Dirichlet boundary conditions along the μ direction of spacetime, the
endpoints of the string are fixed, that is

X μ(τ, 0) = X μ(τ, π) = x μ
0 , (1.77)

where x μ
0 is a constant. The mode decomposition is then given by

X μ(τ, σ) = x μ
0 +

√
2α′
X
n=/0

1
n

α μ
n e–inτ sin(nσ) . (1.78)

The string coordinate X μ is real if the usual property (α μ
n )� = α μ

–n holds. Note that
the zero mode α μ

0 is not present in directions where Dirichlet boundary conditions
are imposed, since the center-of-mass momentum of the string vanishes.

The modern interpretation of open-string boundary conditions is that they cor-
respond to hyperplanes, so-called Dp-branes, on which open strings can end. In p
spatial dimensions and in the time direction, Neumann boundary conditions are
implemented, whereas in the remaining 26 – (p + 1) dimensions Dirichlet bound-
ary conditions are used. We will have a closer look at D-branes in Section 1.7.2
when we discuss T-duality and in Section 1.8. For more details on D-branes see the
textbook [7].

1.5.2
Quantization

The theory can be quantized by using the standard commutation relations for the
fields X μ and the momentum P μ, which is conjugate to X μ. These commutation
relations imply commutation relations for creation and annihilation operators, α μ

n

and α̃ μ
n , acting on the ground state of the fundamental string.1)

The masses squared M2 of the excited states are

M2 =
1
α′ (N – 1) (1.79)

for open strings and

M2 =
2
α′ (N + N̄ – 2) (1.80)

1) We consider only noninteracting strings. The
creation and annihilation operators can be
considered as exciting internal degrees of
freedom of the string.
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for closed strings. N and N̄ are the mass levels and are given by

N =
∞X

n=1

α μ
–nαn μ, N̄ =

∞X
n=1

α̃ μ
–nα̃n μ . (1.81)

The mass levels N and N̄ have integer eigenvalues, which are also called N and N̄,
respectively.

Physical string states of the closed string have to obey the level-matching con-
dition N = N̄ for the mass levels. Because of this condition, α μ

n and α̃ μ
n are not

independent. The spectrum of the closed string at the first two mass levels consists
of

– N = N̄ = 0: tachyon with mass M2 = –4/α′.
– N = N̄ = 1: a rank-two massless tensor field, which can be decomposed into

an antisymmetric part Bμν (the Kalb–Ramond field), a symmetric traceless
part g μν (the graviton), and the trace of the symmetric part φ (the dilaton).

Since every string theory involves closed strings, a rank-two symmetric tensor field,
which will be identified with the graviton in Section 1.5.4, is necessarily incorpo-
rated in string theory. Moreover, we will see that the vacuum expectation value of
φ is related to the string coupling constant. The tachyon in the closed-string spec-
trum is much more severe since it may indicate an instability of the theory. Such
a tachyon will not appear in the spectrum of closed superstrings if we demand that
supersymmetry is not explicitly broken in the embedding space.

The physical states of the open string ending on a Dp-brane at the first two mass
levels are

– N = 0: A tachyon with M2 = –1/α′ appears in the spectrum. According to
Sen’s conjectures [17], this is related to the fact that in bosonic string theories,
D-branes are unstable and will decay to radiation of closed strings.

– N = 1: A massless vector boson. This will give rise to a U(1) gauge theory
on the Dp brane. Furthermore, if p < 25 massless scalars for each direction
normal to the Dp-brane are found in the open-string spectrum.

1.5.3
String Perturbation Theory: Interactions and Scattering Amplitudes

The Feynman path integral is a very natural method for describing interactions in
string theory. In this approach amplitudes are given by summing over all world-
sheets, weighted by the factor exp (iS/�), which connect initial and final string con-
figurations, as shown in Figure 1.1 for the closed string.

For closed oriented strings, to which we restrict ourselves in this section, the
sum is taken over all oriented two-dimensional world-sheets without boundaries.

Figure 1.1 Examples of world-sheets connecting initial and final string configurations.
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To take open strings into account, world-sheets with boundaries have to be includ-
ed. Interactions of the strings are already implicit in the sum over world-sheets.
The world-sheet of a decay of one closed string into two is given in Figure 1.2.
Thus, the world-sheet is similar to a Feynman diagram in which propagator lines
are replaced by cylinders. A loop now corresponds to a handle of the world-sheet.
An example is shown in Figure 1.3. The partition function Z , that is the integral
over all (Euclidean) world-sheet metrics hα� and over all embeddings X μ(τ, σ) is
given by, with � = 1,

Z =
Z

[dX μ]
ˆ

dhα�
˜

exp(–S) . (1.82)

The Euclidean action S contains the usual Polyakov action Sp, supplemented by
a topological term weighting the different topologies of the string world-sheet Σ,

S = Sp + λ� with � =
1

4π

Z
Σ

d2σ
√

hR(h) , (1.83)

where R(h) is the Ricci scalar of the world-sheet metric hα�. Since � is a topological
term measuring the Euler number of the world-sheet, it does not contribute to the
equations of motion. The factor exp(–λ�) in the path integral only affects the rela-
tive weighting of different topologies. Adding a handle to any world-sheet reduces
the Euler number by two and therefore adds a factor of exp(2λ). Since the process
which is described by adding a handle corresponds to emitting and reabsorbing
a closed string, the coupling constant of a closed string is given by gclosed = exp(λ).
By analogous arguments, a string coupling constant gopen of open strings can be
introduced, which is related to gclosed by

gs == gclosed = g2
open = eλ . (1.84)

Figure 1.2 Joining and splitting of strings.

Figure 1.3 Comparison between Feynman diagrams of quantum
field theory and interacting string diagrams.
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Figure 1.4 Four punctures on a torus. This diagram corres-
ponds to Figure 1.3. The external string states (given by the
four cylinders) in Figure 1.3 can be deformed to spikes. In
this picture the spikes are removed and are represented by
the punctures (crosses) on the torus.

In Section 1.5.4, we will see that the string coupling constant is fixed by the vacuum
expectation value of the dilaton field.

Although it is a simple idea to sum over all world-sheets bounded by given initial
and final curves, it is difficult to define this sum correctly and the resulting am-
plitudes are very complicated. To simplify scattering amplitudes, we take the limit
where the string sources are at infinity. This is precisely a S-matrix element with
specified incoming and outgoing strings which are on-shell and located at infinity.
Under conformal transformations, the world-sheet can be transformed to a com-
pact surface with n points removed corresponding to the external string states.
Such points are called punctures. By applying the path integral, the scattering am-
plitude is obtained by summing over all surfaces with n punctures and by integrat-
ing at these punctures against the wave functions of the external string states. For
detailed computational techniques see for instance [18] and standard textbooks on
string theory [3–6].

1.5.4
Bosonic String Theory in Background Fields

Up to now we have considered the propagation of open and closed strings in
Minkowski spacetime. By coupling the fundamental string to the massless closed-
string excitations (see Section 1.5.2), strings propagating through curved space-
times can be described. In particular we will see that the massless closed-string
excitation g μν – which is traceless and symmetric – can be identified with the met-
ric of the target spacetime. Since the quantized string theory in curved spacetime
should be Weyl invariant, we obtain restrictions on the target spacetime allowed:
the spacetime has to satisfy the vacuum Einstein equations (at least in the lowest
order of α′). This is the goal of this section.

Now we will generalize the (Euclidean) Polyakov action in a simple manner to
take into account couplings to the massless closed-string excitations: the antisym-
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metric tensor field B(2) (the components are called Bμν)2), the symmetric traceless
component g μν as well as the trace φ. Since g μν is symmetric and traceless, the only
possibility to couple it to the string (given by X μ) is

SP = –
1

4πα′

Z
d2σ

√
hhα�∂αX μ∂�X νg μν(Xρ) . (1.85)

We see that this equation is a generalization of the Polyakov action (1.61) to curved
target spacetimes. Furthermore, we can couple the Kalb–Ramond field Bμν(Xρ) and
the dilaton field φ(Xρ) to the fundamental string by adding

SB,φ =
1

4πα′

Z
d2σ

√
h
“

iεα�∂αX μ∂�X νBμν(Xρ) + α′R(h)φ(Xρ)
”

(1.86)

to the Polykov action (1.85), where R(h) is the Ricci scalar with respect to the world-
sheet metric hα�. Comparing the dilaton dependent part of SB,φ to (1.83), we see
that the dilaton sets the string coupling constant. Using (1.84) the string coupling
constant gs is given by

gs = eφ . (1.87)

Moreover, for ensuring Weyl invariance of the quantum theory (see remark after
(1.64)), we impose the tracelessness of the energy–momentum tensor of the world-
sheet theory in D = 26 dimensions,

Ta
a = –

1
2α′ �

g
μνhab∂a X μ∂bX ν –

i
2α′ �

B
μνεab∂a X μ∂bX ν –

1
2

�φR , (1.88)

with

�g
μν = –α′

„
Rμν + 2∇μ∇νφ –

1
4

HμρσH ρσ
ν

«
+ O(α′ 2) , (1.89)

�B
μν = α′

„
–

1
2
∇ρHρμν + ∇ρφHρμν

«
+ O(α′ 2) , (1.90)

�φ = α′
„

–
1
2
∇2φ + ∇ρφ∇ρφ –

1
24

HρμνHρμν
«

+ O(α′ 2) (1.91)

to the lowest order of α′. Hρμν are the components of the field strength H(3) of the
Kalb–Ramond field B(2), that is

Hρμν = ∂ρBμν + ∂μBνρ + ∂νBρμ . (1.92)

The Polyakov action leads to a Weyl-invariant quantum theory if all three functions
�g

μν, �B
μν and �φ vanish. Remarkably, the consistency equations �g

μν = �B
μν = �φ = 0

can be derived as equations of motion from the target spacetime action

S =
1

2κ0

Z
d26X

√
–ge–2φ

»
R + 4∇μφ∇ μφ –

1
12

HμνρHμνρ + O(α′)
–

. (1.93)

2) In this chapter we denote the number of
indices of an antisymmetric tensor field
by numbers in brackets. Therefore B(2) has
two indices. If we exchange the indices, we

obtain a minus sign, that is Bμν = –Bνμ. Since
the number of indices are apparent in the
component notation, this number is omitted.
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This is the effective action for the massless string states Bμν, g μν, and φ of the
closed-string sector, where the effects due to the tachyon are omitted. Here R is the
Ricci scalar of the symmetric tensor field g μν and ∇μ are the covariant derivatives.

As discussed above, the string coupling constant is given by the expectation value
of the dilaton gs = eφ. Moreover, the massless rank-two symmetric tensor field g μν

can be identified with the graviton since g μν has to satisfy the equations of motion
�g

μν = 0, which also follow immediately from the effective action. The first term in
(1.93) is an Einstein–Hilbert term coupled to a dilaton. Therefore, g μν is identified
with the target spacetime metric (see also (1.85)).

Moreover, we can canonically normalize the Einstein–Hilbert term of the action
(1.93). Rescaling the metric3)

g̃ μν = e
1
6 (φ0–φ)g μν , (1.94)

the action (1.93) can be rewritten in the form

S =
1

2κ2

Z
d26X

p
–g̃
»

R̃ –
1
6
∇μφ̃∇ μφ̃ –

1
12

e– 1
3 φ̃HμνρHμνρ + O(α′)

–
, (1.95)

with φ̃ = φ – φ0 and κ = κ0 eφ0 =
√

8πGN. Looking at the part involving the Ric-
ci scalar R̃, which is determined by the rescaled metric g̃ μν, we see that we have
removed the factor involving the dilaton φ in the Einstein–Hilbert part of the ac-
tion (1.95). Whereas the action written in terms of the original fields is called the
string-frame action, the latter, canonically normalized action is referred to as the
Einstein-frame action.

In view of coupling the open string to the Abelian gauge field Aμ living on a D-
brane, we have to include a term of the form

SA =
Z
∂Σ

dτAμ(X) ∂τX μ , (1.96)

where ∂Σ denotes the boundary of the world-sheet Σ. The effective action of the
open-string sector, summarizing the leading order (in α′) open-string physics at
tree level, is given by4)

S = –C
Z

d26X e–φ Tr FμνFμν , (1.97)

where C is a dimensionful constant. Therefore, the physics of the open-string sec-
tor at tree level is described by Yang–Mills theories. In the case of one D-brane the
gauge group is U(1), but can be generalized to non-Abelian gauge groups. In the
Section 1.8.1 we will discuss the effective action of D-branes, which determines the
open-string physics.

3) The rescale of the metric depends on the
dimension D of the target spacetime. For
simplicity we used here D = 26.

4) For details on how to compute the effective
D-brane action see [19].
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1.5.5
Chan–Paton Factors

So far we have seen that open strings on one Dp-brane are described by a U(1)
gauge theory. In order to generalize this to non-Abelian gauge theories, Chan–
Paton factors are introduced on a stack of coincident N Dp-branes. Chan–Paton
factors are nondynamical degrees of freedom from the world-sheet point-of-view,
which are assigned to the endpoints of the string. These factors label the open
strings that connect the various coincident D-branes. For example, the Chan–Paton
factor λij labels strings stretching from brane i to brane j, with i, j ∈ {1, . . . , N}.
The resulting matrix λ is an element of a Lie algebra. It turns out that the only
Lie algebra consistent with open-string scattering amplitudes is U(N) in the case
of oriented strings, where N is the number of coincident D-branes. Therefore, λ
can be chosen as a Hermitean matrix and λij are the corresponding entries of the
matrix.

Although the Chan–Paton factors are global symmetries of the world-sheet ac-
tion, the symmetry turns out to be local in the target spacetime. The theory of
open strings ending on coincident D-branes can effectively be described by a non-
Abelian gauge theory. For more details see [7].

1.5.6
Oriented Versus Unoriented Strings

So far we have considered oriented strings only. By oriented, we mean that a left
to right direction on the string may be unambiguously defined. This is obvious
since we parametrize the spatial extent by σ. Unoriented strings are constructed by
imposing the world-sheet parity transformation Ω,

Ω: σ → σ0 – σ , (1.98)

where σ0 = 2π for closed and σ0 = π for open strings. This transformation, which
changes the orientation of the world-sheet, is a global symmetry of string theory.
We can consistently truncate the theory by using only Ω-invariant string states. The
corresponding theories are called unoriented string theories.

Focusing on massless string states, the open-string vector boson has eigenvalue
Ω = –1, as well as the Kalb–Ramond field of the closed sector. Both are projected
out of the spectrum of unoriented string theories. But if nontrivial Chan–Paton
factors are introduced, the vector boson will be present after the Ω-projection and
give rise to a SO(N) or Sp(N) gauge theory. Unfortunately, the tachyons of the open
and closed-string sector will survive in the spectrum of unoriented string theories,
as well as the graviton and the dilaton. Furthermore, in the sum over all world-
sheets of closed and open strings, nonorientable surfaces such as the Möbius strip
have to be included.
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1.6
Superstring Theory

The bosonic string theory is unsatisfactory in two respects. Since we observe fermi-
ons in nature, these particles should not be excluded in string theory. Moreover, the
bosonic string theory is inconsistent because tachyons occur in the closed-string
spectrum. This indicates an severe instability of the theory.

Remarkably, both problems can be solved by incorporating supersymmetry into
string theory. There are two different approaches to superstring theory5):

– The Green–Schwarz (GS) formalism is supersymmetric in ten-dimensional
Minkowski spacetime, and can be generalized to curved background geome-
tries with fluxes.

– The Ramond–Neveu–Schwarz (RNS) formalism is supersymmetric on the
world-sheet of the fundamental string.

These approaches are equivalent at least in ten-dimensional Minkowski spacetime.
In this section the RNS approach to superstring theory is explained. In Sec-

tion 1.6.1 we discuss the action for superstring theory. Moreover, we realize that the
action is invariant under a supersymmetry transformation on the world-sheet. In
Section 1.6.2 the possible boundary conditions for fermions are mentioned, which
give rise to two different sectors: the Ramond and the Neveu–Schwarz (NS) sector.
We see that the string theory is only consistent after applying a so-called GSO-
projection. In Sections 1.6.3–1.6.5 the five consistent superstring theories in ten
spacetime dimensions are discussed. The spectrum of massless fields is summa-
rized in Table 1.1.

1.6.1
The RNS Formalism of Superstring Theory

The Polyakov action of the bosonic string in D-dimensional Minkowski spacetime
reads, in the conformal gauge hα� = eω(τ,σ)ηα�,

S = –
1

4πα′

Z
d2σ ∂αXμ∂

αX μ . (1.99)

This action is supplemented by Virasoro constraints (1.67) and (1.68). For a su-
persymmetric world-sheet action, we have to introduce D Majorana fermions ψ μ

transforming in the vector representation of the Lorentz group SO(D – 1, 1). We
therefore consider the Polyakov action supplemented by the usual Dirac action for
D free massless fermions,

S = –
1

4πα′

Z
d2σ

`
∂αXμ∂

αX μ + iψ̄ μγα∂αψμ
´

. (1.100)

5) Recently, various approaches using spinor
formalism were suggested by Berkovits. For
a review see [20].
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Here, γα are two-dimensional Dirac matrices satisfying the anticommutation rela-
tions {γα, γ�} = 2ηα�

�. A convenient basis is

γ0 =

 
0 –1
1 0

!
and γ1 =

 
0 1
1 0

!
. (1.101)

The world-sheet fields ψ μ are Grassmann numbers consisting of two components

ψ μ =

 
ψ μ

–

ψ μ
+

!
, (1.102)

where ψ μ
– and ψ μ

+ are real. In this notation, the fermionic part of the action takes
the form

Sf =
i

2πα′

Z
d2σ

`
ψ μ

– ∂+ψ– μ + ψ μ
+ ∂–ψ+ μ

´
, (1.103)

with ∂– = ∂/∂σ–, ∂+ = ∂/∂σ+ and σ± = τ ± σ. The equations of motion are ∂+ψ μ
– =

∂–ψ μ
+ = 0, which describe left- and right-moving waves. The action is invariant

under the infinitesimal transformations

δεX μ = ε̄ψ μ , (1.104)

δεψ μ = γα∂αX με , (1.105)

where ε is a constant infinitesimal Majorana spinor. This transformation mixes
bosonic and fermionic world-sheet fields and is therefore a global supersymme-
try transformation. Unfortunately, the supersymmetry algebra closes only on-shell,
that is when the equations of motion are imposed. However, closure of the algebra
can be achieved by introducing auxiliary fields. Moreover, we used the world-sheet
theory in conformal gauge. There is a more fundamental formulation in which the
world-sheet supersymmetry is a local symmetry. For details see [5].

1.6.2
Boundary Conditions for Fermions

Next we consider the boundary conditions that arise from the superstring action.
The possible boundary conditions of X μ are discussed in Section 1.5.1. The bound-
ary condition for the fermionic part reads

δSf = –
i

4πα′

Z
dτ
ˆ
ψ μ

+ δψ+ μ – ψ μ
– δψ– μ

˜σ=π
σ=0 . (1.106)

1.6.2.1
Open Strings
For open strings we have to demand that the two terms for σ = 0 and σ = π vanish
independently, that is

ψ μ
+ δψ+ μ – ψ μ

– δψ– μ = 0 for σ = 0, π . (1.107)

Note that this is equivalent to

δ
`
ψ+μ
´2 = δ

`
ψ–μ
´2 for σ = 0, π . (1.108)
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Since the overall sign of the components can be chosen arbitrarily, we demand
ψ μ

+ (τ, 0) = ψ μ
– (τ, 0). If we want to impose the boundary conditions at σ = π we

have two options corresponding to the Ramond (R) sector and the Neveu–Schwarz
(NS)-Sector of the theory,

R: ψ μ
+ (τ, π) = +ψ μ

– (τ, π) , (1.109)

NS: ψ μ
+ (τ, π) = –ψ μ

– (τ, π) . (1.110)

The mode decomposition in the R and NS sector is given by

R: ψ μ
∓(τ, σ) =

1√
2

X
n∈�

d μ
n e–inσ∓ , (1.111)

NS: ψ μ
∓(τ, σ) =

1√
2

X
r∈�+ 1

2

b μ
r e–irσ∓ , (1.112)

where d μ
n and b μ

r are Grassmann numbers.
The string states are constructed by acting on the ground state of the NS and R

sector with creation operators. The ground state in the NS sector |0〉NS is a space-
time boson and therefore all string states in this sector are bosonic in spacetime
since the oscillators act as vectors in spacetime. Furthermore, the ground state of
the NS sector is tachyonic and will be removed. The first excited string state, which
is generated by applying a creation operator to the ground state of the NS sector, is
a massless vector boson.

By contrast, the ground states in the R sector, which are massless spacetime
fermions, are degenerate and differ by chirality in spacetime. By applying creation
operators to the ground state of the NS sector, massive string states are obtained.
Moreover, all states of the R sector are spacetime fermions.

The spectrum of the NS and R sector can be truncated in a specific way which
eliminates the tachyon. This truncation is called GSO projection, named after
Gliozzi, Scherk, and Olive [21]. The GSO projection also ensures that the parti-
tion function on the two-torus is modular invariant. In the NS sector only states
with an odd number of creation operators b μ

–r, r > 0 applied to the ground state
|0〉NS are kept in the spectrum. The GSO projection leaves an equal number of
bosons and fermions at each mass level, as required by spacetime supersymme-
try. At the massless level the states of the NS sector are massless gauge bosons,
whereas the R sector includes the supersymmetric partner of the gauge boson, the
gaugino.

1.6.2.2
Closed String
As we saw in bosonic string theory, a closed string consists essentially of left- and
right-moving copies of an open string. Since an open superstring has two different
sectors (NS and R), the closed-string sector can be constructed in four ways by com-
bining the left-moving sector (NS and R) and the right-moving one (NS and R). The
NS–NS and R–R states are spacetime bosons, whereas the NS–R and R–NS states
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are spacetime fermions. Applying a GSO projection as in the open superstring case
leads to a supersymmetric theory in spacetime.

The NS–NS sector of oriented strings includes at the massless level exactly the
same states as the closed sector of the oriented bosonic string theory: the graviton
g μν, the Kalb–Ramond field Bμν, and the dilaton φ. The NS–R and R–NS states,
which are fermionic in spacetime, contain the gravitino, the supersymmetric part-
ner of the graviton, and the dilatino, the supersymmetric version of the dilaton.
The story for the R–R sector is a little more subtle due to the degeneracy of ground
states of the R-sector. We will see that two different superstring theories are ob-
tained: type IIA and type IIB.

1.6.3
Type IIA and Type IIB Superstring

Since the R-sector has two possible inequivalent ground states, which differ by
chirality, we can choose ground states with the same chirality for the left- and right-
moving sector. This corresponds to type IIB superstring theory. The R–R sector con-
sists of a scalar field C(0), an antisymmetric field C(2), and a totally antisymmetric
rank-four tensor field C(4) at the massless level.6) If the R sector ground states for
the left- and right-moving modes have different chiralities, we are led to type IIA
superstring theory. In the type IIA theory the massless R–R bosons are given by
a gauge field C(1) and a totally antisymmetric rank-three tensor field C(3).7)

Although type IIA and type IIB superstring theories are inequivalent, there exist
dualities between both theories. In addition to the type II theories, there are three
other consistent superstring theories in ten dimensions: type I superstring theory
and two heterotic string theories.

1.6.4
Type I Superstring

Type I superstring theory can be constructed as a projection of type IIB superstring
theory. Since in type IIB the superstrings are oriented, the world-sheet parity trans-
formation Ω may be gauged, which exchanges the left- and right-moving modes
of the world-sheet fields X μ and ψ μ. This is a symmetry of type IIB string theory.
Therefore, the string states may be consistently truncated and we may consider on-
ly those which are even under the world-sheet parity transformation. Consequent-
ly, type I superstring theory contains unoriented superstrings. When the projection
described is imposed, the massless bosonic closed-string states are the graviton and
the dilaton of the NS–NS sector as well as the antisymmetric C(2) of the R–R sector.
In contrast to type II superstring theories, it is necessary to add a twisted sector to

6) The components of C(0), C(2), and C(4) are
denoted by C, Cμν and Cμνρσ , i.e. the number
of indices is not explicitly specified for the
components.

7) The components of C(1) and C(3) are called Cμ

and Cμνρ, respectively.
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the closed-string sector, which are the type I open strings. These open strings give
rise to a gauge theory with gauge group SO(32). For details and further references
see [4] or [5].

1.6.5
Heterotic Superstring

Besides type I and type II superstring theories, there are also two heterotic super-
string theories. These are constructed as follows.

In closed-string theories, left- and right-moving modes are essentially indepen-
dent8). This enables us in type II string theories to create string states for which the
right-moving modes are in the NS sector and the left-moving modes are in the R
sector. Actually a much more drastic asymmetry between the left and right-moving
modes may be introduced. It turns out that it is possible to make the left-moving
modes supersymmetric by using a copy of the open superstring and combine them
with right-moving modes of a bosonic open string.

We will now discuss the fermionic construction of the heterotic string. First of all
let us consider the standard superstring action where the right-moving fermionic
coordinates ψ μ

+ are omitted,

S = –
1

4πα′

Z
d2σ

`
∂αX μ∂αXμ – 2iψ μ

– ∂+ψμ –
´

. (1.113)

As in the superstring case, the left-moving sector of this theory is consistent in ten
dimensions only. Since the right-moving sector consists of ten bosonic coordinates
(and not of 26), we have to add additional right-moving fields to the action. In order
to avoid adding new left-moving modes at the same time, we have to add fermionic
right-moving fields only. If these fermionic fields carry a vector index in spacetime,
we are back to the standard superstring action. Therefore, we will instead demand
that the right-moving fermionic fields are scalars in spacetime. For consistency we
need 32 of them,

S = –
1

4πα′

Z
d2σ

`
∂αX μ∂αXμ – 2iψ μ

– ∂+ψμ – – 2 iλA
+ ∂–λA

+
´

, (1.114)

where A = 0, . . . , 31. The action has an SO(32) world-sheet symmetry, under which
the λA transform in the fundamental transformation. This global world-sheet sym-
metry gives rise to a local gauge symmetry of the spacetime theory. The only possi-
ble gauge groups depend on the boundary conditions for λA and on the GSO pro-
jection as well as on the cancelation of certain anomalies. There are two different
inequivalent heterotic string theories: SO(32) heterotic string theory and E8 ~ E8

heterotic string theory.
The heterotic string theories are an extremely attractive starting point for the con-

struction of standard model-like theories. This is due to the fact that the heterotic

8) The left and right-moving modes are coupled
only by the level-matching condition (see
Section 1.5.2 for the bosonic string).
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Table 1.1 Bosonic massless fields of the
five consistent superstring theories in ten
spacetime dimensions. g μν and φ are the
metric and the dilaton, respectively. The Kalb–
Ramond field is denoted by B(2). Moreover,
in superstring theories there exist p-form
gauge potentials C(p) in the R–R sector of

the closed string. In heterotic and type I
superstring theories there are also non-Abelian
gauge degrees of freedom Aa

μ present. The
corresponding gauge groups are listed in the
last column. By adding D-branes to string
theories other gauge groups are possible.

Type Number of Bosonic massless fields Non-Abelian gauge group
supercharges

Heterotic SO(32) 16 g μν, φ, B(2), Aa
μ SO(32)

Heterotic E8 ~ E8 16 g μν, φ, B(2), Aa
μ E8 ~ E8

IIA 16 + 16 g μν, φ, B(2), C(1) , C(3) –
IIB 16 + 16 g μν, φ, B(2), C(0) , C(2), C(4) –
I 16 g μν, φ, Aa

μ, C(2) SO(32)

string theories are chiral, and have fermions and non-Abelian gauge symmetries
automatically built in. During the first String Revolution, many realistic features
of the standard model were found in the E8 ~ E8 heterotic string. This is due to
the fact that GUT (Grand Unified Theory) gauge groups are contained in E6 and
therefore also in E8.

Altogether, there are five consistent superstring theories in ten spacetime dimen-
sions: type I, type IIA, and type IIB as well as SO(32) heterotic and E8 ~ E8 heterotic
string theory. Although all these theories describe vibrating strings, the details are
quite different.

1.7
String Dualities and M-Theory

During the second string revolution, which took place in the mid 1990s, it was
realized that all five consistent superstring theories in ten dimensions are related to
each other by a complicated web of dualities. This will be presented in this section.
In particular, the low-energy dynamics of superstring theories will be discussed.
Furthermore, two novel dualities between string theories are introduced: T-Duality
and S-Duality.

In addition there is evidence that all superstring theories are related to an eleven-
dimensional theory, called M-theory. An introduction to M-theory is given at the
end of the section.

1.7.1
Low-Energy Effective Action of Superstring Theory

As in the bosonic case (see Section 1.5.4) we can write down a spacetime action
taking into account the effects of the massless superstring excitations. These exci-
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tations are listed in table 1.1. Since the effective supersymmetric action necessarily
incorporates gravity 9), the theory is called supergravity.

The low-energy effective action for type IIA and type IIB superstring theories are
called type IIA and type IIB supergravity, respectively. As an example, we consid-
er the action of type IIB supergravity. Type IIB superstring theory consists of the
following closed-string states at the massless level: the metric g μν, the NS–NS Kalb–
Ramond field Bμν, the dilaton φ as well as the p-form R–R potentials C(0), C(2), and
C(4). Moreover, we define as linear combinations of these fields the axion-dilaton
scalar τ as well as the complex three-form G(3) by

τ = C(0) + i e–φ, G(3) = F(3) – τH(3) . (1.115)

Here, F(3) and H(3) are the field strength of C(2) and B(2), that is F(3) = dC(2) and
H(3) = dB(2). The field strength of C(4) is given by F(5) = dC(4). More important is
the self-dual combination

F̃(5) == F(5) +
1
2

B(2) ∧ F(3) –
1
2

C(2) ∧ H(3) . (1.116)

The type IIB supergravity action in the Einstein frame then reads

SIIB =
1

2κ2
10

Z
d10x

√
–g

"
R –

|∂μτ|2
2(Imτ)2 –

|G(3)|2
12Imτ

–
|F̃(5)|2
4 · 5!

)

+
1

8iκ2
10

Z
C(4) ∧ G(3) ∧ G(3)

Imτ
, (1.117)

where the ten-dimensional gravitational coupling is 2κ2
10 = 16πG10 =1/(2π)(2πls)8g2

s
and ls =

√
α′ is the string length. Moreover, we have to impose the self-duality con-

straint of F̃(5) at the level of the equations of motion by hand, that is �F̃(5) = F̃(5),
where � denotes the Hodge star operator.

1.7.2
T-Duality

T-Duality (or target space duality) denotes the equivalence between two superstring
theories compactified on different background spacetimes. Let us consider bosonic
string theory compactified on a circle, that is the coordinate X 25 is periodically
identified in the following way,

X 25 ~ X 25 + 2πR . (1.118)

9) These effective spacetime theories are not
only invariant under global supersymmetry
transformations, but also under local ones.
Since the commutator of two supersymmetry

transformations is a translation, the theory is
also invariant under local diffeomorphisms
and therefore contains gravity.
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1.7.2.1
T-Duality of Closed Strings
Now let us restrict ourselves to closed strings. The embedding function X 25(τ, σ)
has to satisfy the periodicity condition

X 25(τ, σ + 2π) = X 25(τ, σ) + 2mπR , (1.119)

where R is the radius of the circle and m is an arbitrary integer. The number m
counts how often the closed string winds around the compactified direction X 25

and is therefore called the winding number. In the noncompactified directions, the
mode decomposition (1.71) and (1.72) for the right and left-moving modes can be
used subject to p μ

R = p μ
L . In the compactified direction the same mode decomposi-

tion can be applied, however now with p25
R =/ p25

L . Omitting the oscillatory terms, we
have the decomposition

X25
R (τ – σ) =

1
2

x μ
0 + α′p μ

R(τ – σ) + . . . ,

X25
L (τ + σ) =

1
2

x μ
0 + α′p μ

L (τ + σ) + . . . . (1.120)

Since X 25 = X 25
L + X 25

R , the periodicity condition reads

α′(p25
L – p25

R ) = mR . (1.121)

Since the X 25 direction is compactified, the center-of-mass momentum p25
R + p25

L is
quantized in units of 1/R, that is

p25
L + p25

R =
n
R

. (1.122)

Thus, p25
R and p25

L are given by

p25
L =

1
2

„
n
R

+
mR
α′

«
, (1.123)

p25
R =

1
2

„
n
R

–
mR
α′

«
. (1.124)

We are now interested in the spectrum of the closed-string states. First of all, the
level-matching condition (see Section 1.5.2) for the closed string is modified,

N̄ – N = nm , (1.125)

and the mass formula for string states reads

M2 =
„

mR
α′

«2

+
“ n

R

”2
+

2
α′
`
N + N̄ – 2

´
. (1.126)

However, this is not the whole story. The closed-string sector has a remarkable sym-
metry. Considering the mass formula, it turns out that the closed-string spectrum
for a compactification with radius R is identical to the closed-string spectrum for
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a compactification with radius R̃ = α′/R if we interchange the winding number m
and momentum number n,

R ↔ R̃ =
α′

R
, (1.127)

(n, m) ↔ (m, n) . (1.128)

Although here we have described the proof for T-duality only for free strings, it can
be shown that T-duality of closed strings is an exact symmetry at the quantum level
also if interactions are included.

In fact it is not possible to distinguish between both compactifications. Note that
if R is large, then the dual radius R̃ is small. This is a remarkable feature, which is
not present in usual field theories of point-like particles. Since T-duality exchanges
the winding number on the circle with the quantum number of the corresponding
(discrete) momentum, it is clear that this symmetry has no counterpart in ordi-
nary point particle field theory, as the ability of closed strings to wind around the
compact dimension is essential.

1.7.2.2
T-Duality of Open Strings
At first sight, it seems that T-duality does not apply to theories with open strings,
since open strings do not have a winding sector. However, this is only apparently
so [22]. T-duality can be restored in the open-string sector with the help of D-branes
which are hyperplanes where open strings end. By applying T-duality, not only the
radius of the compactified dimension changes, but also the dimension of the D-
brane.

To see this, let us consider the propagation of open bosonic strings in a spacetime
which is compactified in the X 25 direction. Furthermore, we assume for simplicity
that we have a space-filling D25-brane, that is the endpoints of the string can move
freely. As it was in the case of closed strings, the center-of-mass momentum in
the compactified direction is quantized, that is p25 = n/R and contributes terms
of the form n2/R2 to the mass formula of string states. However, this contribution
changes if we apply the T-duality rules of closed strings only. Since the dual radius
is R̃ = α′/R, the contribution to the mass formula changes to n2R̃2/α′ 2.

T-duality can be restored in the open-string sector by considering D-branes. In-
stead of the D25-brane described above, consider now a D24-brane in the dual
theory, which does not wrap the X 25-direction. Because of the Dirichlet boundary
conditions, we have no momentum states in the compact direction. In addition, the
endpoints of the open string must remain attached to points with x25 = x25

0 + 2πnR̃,
where x25

0 is the position of the D24-brane in the compactified direction. Therefore,
we get winding states in the dual theory which contribute to the mass formula by

„
nR̃
α′

«2

=
“ n

R

”2
. (1.129)

This is precisely the contribution of the momentum states in the original theory
with a space-filling D25-brane.
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Therefore, T-duality is an exact symmetry of the open-string sector, if the dimen-
sion of the D-brane is also changed. This means that the type of boundary condi-
tions of open strings (Neumann or Dirichlet) has to be exchanged in the direction
in which T-duality is performed.

As an example consider a D24-brane stretched along the coordinates X 0, X 1, . . . ,
X 24. In these directions Neumann boundary conditions for open strings are im-
posed. Moreover, in the X 25-direction open strings will satisfy Dirichlet boundary
conditions. Assuming that the X 24 and X 25 directions are compactified on circles
with radius R24 and R25, respectively, we can apply T-duality to both compact di-
rections. If we perform a T-duality along X 25, the open strings in the dual the-
ory in the X 25-direction obey also Neumann boundary conditions. Therefore, in
the dual theory a D25-brane exists and the radii of the two compactified direc-
tions are given by R24 and α′/R25, respectively. If we apply a T-duality along X 24

instead, the open strings no longer satisfy Neumann boundary conditions in the
X 24-coordinate. Therefore, we are left with a D23-brane in the dual theory, which is
compactified on circles with radii α′/R24 and R25.

1.7.2.3
T-Duality in Superstring Theory
Up to now we have only discussed the rules of T-duality in bosonic string theory.
However, T-duality is also an exact symmetry of superstring theories. In fact T-
Duality relates the following superstring theories:

– Heterotic SO(32) superstring theory on a circle with radius R and heterotic
E8 ~ E8 superstring theory on a circle with radius α′/R.

– Type IIA superstring theory on a circle with radius R and type IIB superstring
theory on a circle with radius α′/R.

1.7.3
S-Duality

S-duality is a strong–weak coupling duality, in the sense that a superstring theory
in the weak coupling regime is mapped to another strongly coupled superstring
theory. S-duality relates the string coupling constant gs to 1/gs in the same way that
T-duality maps the radii of the compactified dimension R to α′/R.

The most prominent example where S-duality is present is type IIB superstring
theory. This theory is mapped to itself under S-duality. This is due to the fact that
S-duality is a special case of the SL(2,�) symmetry of type IIB superstring theory:
in the massless spectrum of type IIB superstring theory, the scalars φ and C(0)

and the two-form potentials B(2) and C(2) are present in pairs. Arranging the R–R
scalar C(0) and the dilaton φ in a complex scalar τ = C(0) + i exp(–φ), the SL(2,�)
symmetry of the equations of motion of type IIB supergravity (see (1.117)) acts
as

τ → aτ + b
cτ + d

, (1.130)
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with the real parameter a, b, c, d satisfying ad – bc = 1. Moreover, the R–R two-form
potential C(2) and the NS–NS B(2) transform according to

 
B(2)

C(2)

!
→
 

d –c
–b a

! 
B(2)

C(2)

!
. (1.131)

Because of charge quantization, this symmetry group breaks down to SL(2,�) of
the full superstring theory. A particular case of the above symmetry is S-duality. If
the R–R scalar C(0) vanishes, the coupling constant gs = exp(φ) of type IIB super-
string theory can be mapped to 1/gs by the SL(2,�) transformation with a = d = 0,
and b = –c = 1, that is

φ → –φ , B(2) → C(2) , C(2) → –B(2) . (1.132)

Note that the SL(2,�) duality of type IIB superstring theory is a strong–weak cou-
pling duality relating different regimes of the same theory.

Since the NS–NS field B(2) couples to the fundamental string, the fundamental
string carries one unit of B(2) charge, but is not charged under the NS–NS two-
form field C(2). However, there are also solitonic strings which are charged under
the NS–NS two-form field C(2), but not under the Kalb–Ramond field B(2). These
objects are D1-branes (see also Section 1.8). Under S-duality, a fundamental string
is transformed into a D1-brane and vice versa. Moreover, a general SL(2,�) trans-
formation maps the fundamental string into a bound state (p, q), carrying p units
of NS–NS charge and q units of R–R charge.

1.7.4
Web of Dualities and M-Theory

So far we have seen that type IIA and type IIB superstring theory are related by
T-duality. The same applies to the two heterotic string theories. Moreover, we also
discussed S-duality in type IIB superstring theory. In contrast to T-duality, S-duality
is a strong–weak coupling duality gs → 1/gs, and therefore the role of fundamental
strings and D1-branes are exchanged. In the strong coupling limit, D1-branes are
now the fundamental degrees of freedom since their tension τD1 = (2πα′gs)–1 is
smaller than the tension τ = (2πα′)–1 of the fundamental string. Another example
for S-duality are heterotic SO(32) and type I superstring theory. To be more precise:
the strong coupling limit of type I superstring theory is weakly coupled SO(32)
heterotic string theory.

S-duality and T-duality are embedded into a larger symmetry group, U-duality [23].
By using this U-duality, it was realized in 1995 that the strong coupling regime of
all five consistent string theories in ten spacetime dimensions is mapped to some
weakly coupled limit of another theory ([24], for a review see [25]). For this pic-
ture to be self-contained, one has to include also eleven-dimensional supergravity.
It is believed that all five consistent string theories can be unified into an eleven-
dimensional parent theory, called M-theory. Although up to now a precise definition
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of M-theory is not available, we know that the low-energy effective action of this
theory is given by the unique eleven-dimensional supergravity.

At strong coupling fundamental strings are no longer the fundamental degrees
of freedom of superstring theory. Therefore, we can not expect that only ten-
dimensional target spacetimes are consistent since this was derived by considering
the trace of the energy–momentum tensor of the world-sheet of fundamental
strings.

1.7.4.1
Type IIA String Theory and M-Theory
Let us explore the connection between type IIA superstring theory and M-theory
in more detail. The first evidence of such a connection was found by [26]: type
IIA supergravity, which is the low-energy limit of type IIA superstring theory, can
be derived from a Kaluza–Klein reduction of eleven-dimensional supergravity. The
bosonic spectrum of eleven-dimensional supergravity consists of a metric GMN and
a three-form potential A(3) with components AMNP. A Kaluza–Klein reduction to
D = 10 is performed by putting the eleventh coordinate X10 on a circle of radius
R10. Decomposing the fields with respect to the ten-dimensional Lorentz group, we
can identify the field content of type IIA supergravity. The metric GMN and three-
form potential A(3) of eleven-dimensional supergravity is related to the dilaton φ,
to the metric g μν, and to the R–R-potentials C(1) and C(3) in the following schematic
way, symbolized by ~:

GMN → φ ~ G10 10 ,

Cμ ~ Gμ 10 ,

g μν ~ Gμν ,

AMNP → Bμν ~ Aμν10 ,

Cμνρ ~ Aμνρ , (1.133)

where μ, ν, ρ = 0, . . . , 9. Moreover, the ten-dimensional fields are independent
of the eleventh, internal coordinate X10. To be precise, the metric of the eleven-
dimensional spacetime is determined by the field content of type IIA superstring
theory

ds2 = GMN dxM dxN = exp(–2/3φ)g μν dx μ dxν + exp(4/3φ)
`

dx11 + Cμ dx μ´2
.

(1.134)

Therefore, we see that a distance measured in ten-dimensional spacetime is multi-
plied by g–1/3

s in eleven-dimensional spacetime. The Planck length lp is determined
by the string length ls =

√
α′,

lp = g1/3
s ls . (1.135)

Integrating out the eleventh dimension yields a prefactor in front of the action,
relating the ten- and eleven-dimensional gravitational coupling constants κ10 and
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κ11 by

κ2
10 =

κ2
11

2πR10
. (1.136)

Using the eleven-dimensional gravitational constant

16πG11 = 2κ2
11 =

1
2π

(2πlp)9 , (1.137)

we can deduce the radius R10 of the compactified direction,

R10 = g2/3
s lp = gsls = gs

√
α′ . (1.138)

For small string coupling constant gs the radius R10 of the compactified direction in
units of the string length is small and the spacetime is effectively ten-dimensional.
However, for large string coupling constants the spacetime is eleven-dimensional.

As discussed in the last paragraph, the low-energy limit of type IIA superstring
theory, which is given by type IIA supergravity, can be obtained by a Kaluza–Klein
reduction of eleven-dimensional supergravity on a circle S1. However, the relation
between type IIA supergravity and M-theory is much deeper. Let us match nonper-
turbative objects on both sides. In the nonperturbative part of its spectrum eleven-
dimensional supergravity has M2- and M5-branes, which are charged under the
four-form field strength G(4) = dA(3). The nonperturbative spectrum of type IIA
supergravity contains stable Dp-branes with p even as well as NS5-branes.

Let us consider some examples to see how D-branes and M-branes are related.
The D0-branes of type IIA are mapped to Kaluza–Klein of the massless supergrav-
ity multiplet. An evidence for this statement is the mass of the two states. Since
D0-branes are nonperturbative, their mass is proportional to g–1

s . A bound state of
n D0-branes therefore has mass ~ n/gs. This matches precisely with mass states
of Kaluza–Klein excitations on a circle with radius gs in units of the string length.
Moreover, the fundamental string and D2-branes can be related to M2-branes by
dimensional reduction of x10: in the case of the fundamental string the M2 brane
is wrapped on the compactified coordinate x10. Performing a dimensional reduc-
tion we obtain a fundamental string. If the M2 brane is not wrapped along the
compactified dimension we get a D2-brane. In addition, D4 and NS5 branes can be
mapped to M5-branes of M-theory. For further details see [26].

In summary, we gave evidence that type IIA superstring theory is dual to M-
theory on S1, where the radius of the circle in units of the string length is given
by the string coupling constant gs. This implies that the perturbative regime of
string theory is ten-dimensional because the radius of the compactified coordinate
is small. Moreover, in the nonperturbative regime, the radius becomes large and
the coordinate is effectively decompactified.

1.7.4.2
Heterotic E8 ~ E8 String Theory and M-Theory
A similar picture arises in the strong coupling limit of the heterotic E8 ~ E8 string
theory, which is equivalent to M-theory on the orbifold S1/�2 [27], that is we con-
sider only string states which are even under the �2-symmetry x10 → –x10 and
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A(3) → –A(3) of M-theory on �9,1 ~ S1. The orbifold S1/�2, can be viewed as a line
segment from x10 = 0 to x10 = πR10, where R10 is related to the string coupling con-
stant as in type IIA superstring theory. The super Yang–Mills fields are located at
the fixed points of the orbifold, x10 = 0 and x10 = πR10. Therefore, these boundaries
of the eleven-dimensional spacetime are called “end-of-the-world-9-branes”. Each
of the branes carry non-Abelian gauge fields with gauge group E8. In this picture
the product gauge group E8 ~ E8 can be understood. Moreover, the fundamental
strings of heterotic E8 ~ E8 string theory are precisely the cylindrical M2-branes
suspended between the “end-of-the-world-9-branes”.

This picture of strongly coupled heterotic E8 ~ E8 string theory is the starting
point of heterotic M-theory. By compactifying (usually on Calabi–Yau manifolds) to
four spacetime dimensions it is possible to investigate phenomenologically inter-
esting strong coupling effects. For more details see Chapter 8.

1.8
D-Branes

So far we have considered D-branes as hyperplanes where fundamental strings can
end. This is a microscopic point-of-view, since D-branes are defined as boundaries
of world-sheets of open strings. The massless string excitations of open strings
ending on D-branes can be described in general by a supersymmetric (non-)Abelian
gauge theory. The precise form of the effective action is discussed in Section 1.8.1.

In addition, D-branes are also solitonic solutions to the macroscopic equations
of motion for the low-energy theory of superstring theory, governed effectively
by supergravity. In that macroscopic point-of-view D-branes are objects such as
black holes, cosmic strings, monopoles, which curve the surrounding spacetime.
These D-branes are a further ingredient to superstring theory besides fundamental
strings. Moreover, BPS D-branes carry charges of the R–R p-form gauge fields C(p).
Because of charge conservation BPS D-branes are stable. In type IIA/IIB super-
string theory Dp-branes with p even/odd are BPS since in this superstring theory
RR gauge potentials C(p+1) are present to which Dp-branes couple [28]. However,
unlike fundamental strings, D-branes are nonperturbative since the tension and
therefore also the energy scales as 1/gs. This aspect of D-branes is investigated in
Section 1.8.2.

1.8.1
Effective Action of D-Branes

The dynamics of the massless open-string modes ending on one Dp-brane (or on
one anti-Dp-brane) is described by an effective action

SDp = SDBI ± SCS , (1.139)

consisting of a Dirac–Born–Infeld (DBI) and a Chern–Simons (CS) action. The
relative sign between the DBI and CS part of the action depends on whether it is
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a Dp or anti-Dp-brane (also denoted by Dp-brane). The plus sign corresponds to
a Dp-brane.

The interaction of the NS–NS massless fields g μν, Bμν, and φ as well as the NS
field strength Fab on the Dp-brane are given by the DBI action

SDBI = –μp

Z
Dp

dp+1� e–P[φ]
q

– det
`P[g]ab + Fab

´
, (1.140)

where Fab = 2πα′Fab +P[B]ab and P[B]ab,P[g]ab are the pullback of Bμν and g μν, that
is

P[B]ab = ∂a X μ∂bX νBμν , P[g]ab = ∂a X μ∂bX νg μν , (1.141)

with ∂a = ∂/∂�a and a, b, = 0, . . . , p. The constant μp is given by μp = (2π)–pα′ –(p+1)/2

for type II theories.
Expanding the DBI action by using det(�+ M) = 1 – 1/4 tr(M2) for antisymmetric

matrices M we see that the DBI action is a generalization of a Yang–Mills action

SDBI � (2πα′)2

4

Z
Dp

dp+1�FabFab . (1.142)

Moreover, we consider only a constant dilaton field φ. The D-brane tension is de-
fined by τp = μp/gs.

The Chern–Simons part of the action describes the interaction of the R–R fields
as well as the interaction with the NS–NS fields

SCS = μp

Z
Dp

X
q

P ˆC(q+1)
˜ ∧ tr eF . (1.143)

The integral is restricted only to p + 1-forms.
The DBI and CS part together form the relevant action for a single Dp-brane at

leading classical order in the string coupling gs, that is at disk level, and at leading
order in the derivatives.

Furthermore, the DBI and CS action can be generalized to coincident Dp-branes,
giving rise to the non-Abelian DBI and CS actions. Further details can be found
in [29] or in the book [7]. Moreover, coincident Dp-branes ending on Dq-branes
(q > p) can be described by excitations of massless fields on the higher-dimensional
D-brane as well as by a dielectric effect on the lower-dimensional D-branes. For
details involving coincident D1-branes ending on a D3-brane see [30].

Besides BPS D-brane configurations there also exists non-BPS D-branes (for
a review see [31]). A prominent example for non-BPS D-brane configurations are
Dp – Dp systems, which are also important in brane-inflation models (see Chap-
ter 2 for more details). Since Dp- and Dp-branes are oppositely charged, the branes
attract each other. If the spatial distance between the Dp- and the anti-Dp-brane is
of the order of the string length, a tachyon [32] will be present in the spectrum of
open strings. This tachyon indicates an instability of the Dp – Dp-brane system;
indeed the Dp- and anti Dp-brane will annihilate to closed-string radiation.

The effective action of non-BPS D-brane configurations involves not only the
massless string excitations but also the tachyon – a complex scalar field (for a pro-
posal of an effective action for the Dp – Dp see [33]).
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1.8.2
D-Branes as Charged BPS Objects

In superstring theories Dp-branes carry conserved charges of topological nature.
In particular D-branes are described at low energies by solitonic supersymmetric
solutions of the effective supergravity equations of motion that carry R–R charge,
which is given by (1.149). Splitting the ten-dimensional spacetime into the world-
volume directions a, b = 0, . . . , p and the transverse directions i, j = p + 1, . . . , 9 the
solution for the metric, dilaton, and the R–R p-form potentials are given by

ds2 = H–1/2
p ηab dxa dxb + H1/2

p dxi dxi , (1.144)

eφ = gs H(3–p)/4
p , (1.145)

C(p+1) =
“

H–1
p – 1

”
g–1

s dx0 ∧ dx1 ∧ · · · ∧ dxp , (1.146)

Bμν = 0 , (1.147)

where the harmonic function Hp(r) with r 2 = δijxix j is

Hp = 1 +
“ rp

r

”7–p
. (1.148)

Whereas C(q+1) vanishes for a Dp-brane (q =/ p), the Dp-brane induces a nontrivial
p + 2-form field strength F(p+2) = dC(p+1) as well as a nontrivial dilaton for p =/ 3.
The charge of a Dp-brane can be calculated by integrating the R–R flux through the
(8 – p)-dimensional sphere at infinity in the transversal dimensions,

Q =
Z

S8–p
�F(p+2) , (1.149)

where � is the Hodge operator.

1.9
Compactification

We have seen that superstring theory is consistent in ten dimensions. Therefore,
it remains necessary to find a way to obtain four-dimensional physics, and in par-
ticular the Standard Model of elementary particle physics, from superstring theory.
For this purpose, two different approaches are pursued:

– Kaluza–Klein compactifications
In the Kaluza–Klein compactifications it is assumed that the ten-dimensio-
nal target spacetime of superstring theories has four uncompactified large
dimensions, which correspond to the real world. The remaining six dimen-
sions are compactified on a length scale lc. For observations at energies E <<
1/lc the six compactified directions are invisible, though the topology and the
length scales of the compactification have influence on the spectrum of the
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four-dimensional theory at low energies. We assume that the spacetime can
be written as a product

M10 = �3,1 ~ M6 , (1.150)

where �3,1 is the four-dimensional Minkowski spacetime. Promising candi-
dates for M6 are Calabi–Yau manifolds. Because of the special properties of
these manifolds, the effective four-dimensional theory at low energies pre-
serves some supersymmetry.

– Brane-world scenarios
In this approach the Minkowski spacetime of the four uncompactified di-
mensions is identified with a defect embedded into ten-dimensional space-
time. The defect is generated by intersecting and coincident D-branes. In
brane-world models so-called warped compactifications are studied, where the
length scale of the four-dimensional Minkowski spacetime depends on the
coordinates of the compactified dimension. However, Poincaré invariance of
the four-dimensional Minkowski spacetime is preserved. The typical metric
of a warped compactification is given by

ds2 = e2A(y)g μν dx μ dxν + e–2A(y)g̃ab dy a dy b , (1.151)

where g μν is the metric of the four-dimensional spacetime. We see that in
contrast to (1.150), the four and six-dimensional spaces are no longer topo-
logically independent.

1.9.1
String Theory on Calabi–Yau Manifolds

Before we discuss features of string theory on Calabi–Yau manifolds, we have to
define Kähler and Calabi–Yau manifolds. Kähler manifolds are complex manifolds
for which the exterior derivative of the fundamental form, associated with the given
Hermitean metric vanishes. The metric on the Kähler manifold locally satisfies

Gīj =
∂2K

∂zi∂z̄j̄
, (1.152)

where K is the so-called Kähler function.
Calabi–Yau n-folds are Kähler manifolds in n complex dimensions with the ad-

ditional topological property of vanishing first Chern class, c1 = 0. Any compact
Kähler manifold with c1 = 0 admits a Kähler metric with SU(n) holonomy and is
necessarily Ricci flat. See [34] for the precise definition. Examples of Calabi–Yau
manifolds are

– The complex plane � and the two-torus T2 in two (real) dimensions. These
are all examples in two dimensions since any compact Riemannian surface,
except the torus T2, is not a Calabi–Yau manifold.

– In four (real) dimensions there are two compact Calabi–Yau manifolds: the
four-torus T4 and K3. Examples of noncompact Calabi–Yau manifolds are
�

2 ~ T2 and �4.
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– In six (real) dimensions there are many Calabi–Yau three-folds known. In
fact, the number of Calabi–Yau three-folds may even be infinite since there
is no mathematical proof for the finiteness of the number up to now.

1.9.1.1
Low-Energy Effective Theory
Let us discuss the properties of four-dimensional gauge theories which are ob-
tained from compactifications. Compactifying ten-dimensional superstring theory
on Calabi–Yau three-folds breaks 3/4 of supersymmetry. Therefore the effective
four-dimensional theory has N = 1 supersymmetry for heterotic string theories
and N = 2 for type II superstring theories. The low-energy effective theory in four
spacetime dimensions for type II superstring theories consists of

– N = 2 supergravity multiplet,
– N = 2 Abelian vector multiplets,
– N = 2 hypermultiplets.

The number of vector and hypermultiplets depend on topological properties of the
Calabi–Yau manifolds, in particular on the Hodge numbers hp,q.

By adding D-branes to the compactification setup we may obtain non-Abelian
gauge theories in four dimensions. Compactifications of type II superstring theo-
ries are often inconsistent or unstable due to uncanceled charges of D-branes or
due to fluxes. A remedy is to perform a orientifold projection10). In particular the
charges and tensions of D-branes are canceled by orientifold-planes (so-called O-
planes). Orientifold projections ensure that the four-dimensional low-energy effec-
tive action preserves N = 1 supersymmetry. The bosonic part of N = 1 supergravity
coupled to chiral and vector multiplets is given by

L =
1

2κ4
R – Gīj(φ, φ̄)DμφiD μφ̄ j̄ – V

–
1
8

Re fab(φ)F a
μνF bμν –

1
8

Im fab(φ)εμνρσF a
μνF b

ρσ . (1.153)

φi are the scalar fields of the chiral multiplet and Fμν is the field strength tensor of
the gauge fields of the vector multiplet. Moreover, Dμ is the covariant derivative and
Gīj is the metric of the scalar target space11), which is given by the Kähler potential
K(φ, φ̄),

Gīj =
∂2K(φ, φ̄)
∂φi∂φ̄ j̄

. (1.154)

The gauge-kinetic function fab(φ) in (1.153) is an arbitrary analytic function of the
scalar fields φi. If some scalar fields φi acquire vacuum expectation values dynam-
ically, this may generate vacuum expectation values for fab(φ). This controls the

10) For more details see [35].
11) The inverse matrix of Gīj is as usual denoted

by upper indices.
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coupling constant gab of the gauge fields12), since

Re fab = g–2
ab . (1.155)

The last ingredient of the general form of N = 1 supergravity in four spacetime
dimensions is the scalar potential V , which consists of two parts referred to as D-
and F-term potentials:

V = VF + VD . (1.156)

The F-term potential is determined by the holomorphic superpotential W(φ),

VF = eK/M2
pl

“
GījDiWDj̄W̄ – 3M2

pl|W|2
”

, (1.157)

where the covariant derivative of the superpotential is defined by

DiW = ∂iW + M2
plGiW with Gi =

∂K(φ, φ̄)
∂φi . (1.158)

The D-term potential VD is expressed in terms of the auxiliary Da-fields of the vector
multiplet,

VD =
1
2
`
Re(f )–1´

ab Da Db . (1.159)

In contrast to global supersymmetric field theories, the scalar potential V does
not have to be zero in a supersymmetry preserving vacuum since a supersymmetric
vacuum has to satisfy Da = DiW = 0. Therefore, the scalar potential (1.157), (1.158)
in a supersymmetric vacuum has the value

V = –3M2
pl|W|2 exp

“
K/M2

pl

”
. (1.160)

Since the scalar potential is negative and the scalar potential is related to the cos-
mological constant, the vacuum has negative cosmological constant. This is good
news, since states with broken supersymmetry (i.e. Da =/ 0 or DiW =/ 0) can have
an almost zero scalar potential and therefore a tiny positive cosmological constant.

1.9.2
String Theory on Orbifolds

Even for simple examples of Calabi–Yau manifolds (for example K3), the metric is
not known explicitly. Therefore, one generally considers string theory on orbifolds
since there effects of singular limits of Calabi–Yau manifolds can be studied. More-
over, the metric of orbifolds is explicitly known. For more details see the review [35].

The definition of an orbifold is as follows. Let X be a smooth manifold with
a discrete isometry group G. An orbifold is the quotient space X/G. The points of
X/G are precisely the points of X, whereas two points x1 and x2 are identified if
they are connected by a group transformation. Simple examples are

12) In renormalizable field theories we have only
one gauge coupling for the gauge fields since
gab , i.e. gab = g δab.
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– S1/�2, that is opposite points on a circle will be identified. This gives an
interval.

– The orbifold�/�N is a cone, since points of the complex plane which can be
mapped onto each other by a rotation by (2πk)/N are identified.

We see that orbifolds can be singular. This generally happens if nontrivial group el-
ements leave points of X invariant. Although general relativity is ill-defined on sin-
gular spaces, it is possible to define string theory consistently on orbifolds. There
are two types of strings on orbifolds:

– untwisted states, that is states which exist on X and are invariant under the
group G.

– twisted states are new closed-string states, which satisfy the condition X μ(τ, σ+
2π) = gX μ(τ, σ), where g ∈ G. The twisted sectors are labeled by the particular
group element g. Untwisted strings correspond to g = 1. A generic feature of
orbifolds is the localization of strings of the twisted sector at the orbifold
singularities.

Only by including twisted states into the string spectrum can strings propagate
consistently on spaces with orbifold singularities. Furthermore, string theories on
orbifolds X/G have more broken supersymmetry than on X, which again makes
them interesting for the phenomenology of string theory.

1.9.3
String Moduli and Their Stabilization

Some of the Calabi–Yau manifolds are smoothly related by deformations of para-
meters characterizing the shape and size. These parameters are called string mod-
uli. Examples are expectation values of the dilaton field, the values of coupling
constants, expectation values of Wilson lines around nontrivial cycles and various
parameters (e.g. the radii and the complex structure) describing the shape of the
compactification manifold.

As a simple example let us discuss the moduli space of bosonic string theory
compactified on a circle S1 along the X 25-direction. In that case the relevant pa-
rameter describing the compactification is the radius R of the compactified direc-
tion. Whereas in field theory every radius leads to different physics, the situation
in string theory is different due to T-duality (see Section 1.7.2). Backgrounds with
large radius (in string units) are transformed into backgrounds with small radius
R̃ (in string units). Therefore, there exists a smallest (respectively biggest) radius
R0 =

√
α′ and the moduli space is M = {R u R0} or equivalently M = {R v R0}.

In a more formal way the moduli space can be written in the form

M = {R ∈ �+/�2} . (1.161)

In string theory the parameters of the moduli space describe different vacuum
configurations and can be related to vacuum expectation values of massless scalar
fields. In the case of a circle compactification the vacuum expectation value of the
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scalar

|Φ〉 = α25
–1α̃25

–1|0〉 (1.162)

is related to the radius of the circle.
This is a general rule of perturbative string theory: moduli can be considered

as massless scalar fields on the string world-sheet. However, it is not possible to
predict the vacuum expectation value of the moduli, since the potential is flat in
the four-dimensional effective theory. This is the moduli stabilization problem. One
possibility to solve it is to use warped background compactifications. Nontrivial
warp factors in the metric are obtained by nonvanishing fluxes, by branes, and by
higher-order corrections to low-energy supergravity actions. For details see Chap-
ters 2 and 3 in this book or the review [35].

1.10
String Thermodynamics

In this section, we introduce thermodynamics of open bosonic strings ending on
a Dp-brane. For simplicity we consider only bosonic open strings that do not carry
spatial momentum. To compute the entropy in the microcanonical ensemble, we
have to count the string states with given energy E. This is done by determining
all partitions of the string level number N associated with the string energy E =√

N – 1/
√

α′. The result for the number of string states is (see also [2])

Ω(E ) � E –γ exp(4π
√

α′E ) , (1.163)

with γ = (25 – p)/2. Calculating the entropy by using S(E ) = kB ln Ω(E ), we obtain
a relation between the entropy S and the energy E which is asymptotically linear
for high energies E >> 1,

S(E ) = –γkB ln E + 4π
√

α′kBE . (1.164)

This is an unusual behavior in statistical mechanics since it immediately leads to
a constant temperature at high energies,

1
�

= k–1
B

∂S
∂E

= –
γ
E

+ 4π
√

α′ , (1.165)

which is called the Hagedorn temperature TH and is given by TH = (4π
√

α′kB)–1.
Inverting the equation (1.165) we obtain

E(T ) = γ
„

1
kBTH

–
1

kBT

«–1

. (1.166)

For T → TH the energy E diverges. For closed strings and open superstrings the
same relation up to numerical factors hold.
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In the canonical ensemble the string partition function Zstring also diverges if
the temperature T approaches the Hagedorn temperature. The partition function
is well approximated by

Zstring � C
TH – T

(1.167)

for T → TH. For more details and computations see for example [2].

1.11
Gauge–Gravity Duality

Gauge–gravity dualities are dualities between a (quantum) theory of gravity on one
hand, and a gauge theory in a spacetime with a lower number of dimensions on
the other. Gauge–gravity dualities may be viewed as a realization of the holographic
principle, since the same amount of degrees of freedom is encoded in the higher-
dimensional space as well as in the lower-dimensional. There is a one-to-one cor-
respondence between gauge invariant operators in the gauge theory and fields in
the dual gravity theory. Moreover, gauge–gravity dualities are strong–weak coupling
dualities in the sense that one theory is strongly coupled, whereas the other theory
is weakly coupled and therefore accessible to perturbation theory. For instance, by
applying gauge–gravity dualities, strongly coupled gauge theories can be investi-
gated by mapping them to weakly coupled gravity theories. The most prominent
example of gauge–gravity duality is the duality between type IIB supergravity on
a five-dimensional Anti-de Sitter (AdS) spacetime and N = 4 SU(N) super Yang–
Mills theory on the conformal boundary of the Anti-de Sitter spacetime. This is the
well-known AdS/CFT correspondence conjectured by Maldacena in 1997 [36], in
which the conformal field theory is N = 4 SU(N) super Yang–Mills.

The duality is motivated by looking at the two different aspects of D-branes as de-
scribed in Section 1.8. On one hand D-branes can be viewed as hyperplanes where
open strings end. The low-energy effective dynamics of open strings is described
by a gauge theory. On the other hand D-branes are charged BPS solutions of su-
pergravity curving the surrounding spacetime. For the duality involving N = 4
Yang–Mills theory described above, the map between gauge and gravity theory is
obtained by considering the two aspects for the case of D3-branes: in a particular
low-energy decoupling limit [36], open strings ending on D3-branes give rise to
N = 4 super Yang–Mills theory on four-dimensional Minkowski spacetime. In the
supergravity picture, the low-energy limit gives rise to closed-string excitations in
the space AdS5 ~ S5. The degrees of freedom in both pictures are then identified.

This leads to the conjecture that gravitational theories and gauge theories de-
scribe the same physics from different points-of-view. The interested reader is re-
ferred to the reviews [37, 38] for further details. In Chapter 7, gauge–gravity duali-
ties are applied to string cosmology.
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1.12
Summary

We have presented essential features of both cosmology and string theory which
will be used in the subsequent chapters where string cosmology is introduced. With
the material presented in this chapter, the reader is now equipped for studying the
string cosmology research topics in the subsequent chapters.
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